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Abstract

This paper is concerned with the estimation and construction of confidence intervals for
Impulse Response Weights (I RW's) from strongly persistent time series. A non parametric,
time domain estimator based on an autoregressive (AR) approximation is shown to have
good theoretical and small sample properties for the estimation of TRWs. An alternative
procedure of using a semi-parametric Local Whittle (LW) estimator of the long memory
parameter and then obtaining estimates of the short run parameters and IRWs is also
considered. The second part of the paper investigates the most appropriate methods for
estimating the variability and the construction of confidence intervals for the estimated
IRWs. Particular attention is given to a generic semi-parametric sieve bootstrap based
on an autoregressive approximation of the unknown data generating mechanism. The
validity of bootstrap inference on the I RWs, based on the autoregressive approximation,
is proven under mild assumptions. The findings in this paper indicate that a good strategy
for analyzing IRW s is to estimate by semi-parametric AR approximations, and to use
the sieve bootstrap for estimating confidence intervals. Simulation evidence indicates this
approach appears to be a very good strategy for processes with either short or long memory.
Extensions to the multivariate case are also considered and empirical examples concerning
the persistence of inflation and real exchange rate series are included.

Key Words: Persistence, Impulse Responses, Autoregressive Approximation, Confi-
dence Intervals.
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1 Introduction

This paper is concerned with issues relating to the estimation and construction of confidence

intervals for Impulse Response Weights (I RWs) from strongly persistent time series. This is

*Helpful comments have been received from Tim Bollerslev, Luidas Giraitis, Hira Koul, Peter Phillips, Peter
Schmidt and Andrew Tremayne. Any remaining errors are our own.
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an important class of time series processes which includes those with relatively slowly decaying
hyperbolic autocorrelations; see Granger and Joyeux (1980), Granger (1980) and Hosking (1981).
These models have proved very relevant for representing the behavior of many economic and
financial time series.

The paper first considers estimation of the IRW's and focuses on a non parametric time
domain estimator based on an autoregressive (AR) approximation. This estimator is shown to
have good theoretical and small sample properties. This study also considers the use of the
Local Whittle (L) estimator of the long memory parameter and analyzes the effects of using
the LW semi parametric estimator (SPE) of the long memory parameter to obtain estimates
of short run parameters and I RWs.

The second part of the paper investigates the most appropriate methods for estimating
the variability and the construction of confidence intervals for the estimated IRW's. There
has in general been a long standing concern in the literature over this issue. For example,
Sims (1986) has considered this problem for weakly dependent processes, such as stationary
Vector Autoregressions (V AR); while Wright (2000) has considered I RW s from near unit root
processes. A major finding of existing work is that confidence intervals based on asymptotic
approximations can provide a poor guide to the true finite sample confidence intervals, and one
alternative which is pursued in this paper is to use bootstrapping methods.

We extend the previous literature on I RW confidence intervals to the empirically important
and relevant class of strongly dependent processes. We consider a generic semi-parametric sieve
bootstrap based on an autoregressive approximation of the unknown data generating mechanism.
Under mild assumptions we show the validity of bootstrap inference on I RW's based on the AR
approximation. Our results indicate that the sieve bootstrap has a number of benefits. Hence,
the findings in this paper indicate that a good strategy for analyzing I RW s is to estimate them
by semi-parametric AR approximations, and to use the sieve bootstrap for estimating confidence
intervals. Furthermore this approach appears to be a very good strategy for processes with either
short or long memory.

The emphasis in this paper is on providing a thorough analysis of / RW analysis in univariate
time series with strong persistence. The extension to the multivariate case with the use of high
order VAR approximations is relatively straightforward and is set out in an appendix to the
paper. We also give empirical examples of the univariate approaches with an investigation of
the persistence of some inflation and real exchange rate series for a large number of countries.

The rest of this paper is structured as follows; section [2| outlines the assumptions and basic
set up of the models and presents the estimation methods and some basic results. Then, sec-
tion [3| describes the bootstrap procedures and their theoretical properties; while sections {4| and
describe the various Monte Carlo results. Section [6] presents the empirical results. There is

also a conclusions section |7}, followed by a set of appendices.



2 The Theoretical Foundations

2.1 Model and Assumptions

This paper considers univariate stochastic processes of the form
(o]
ytzz¢j6t_j,t: ]_,...,T (]_)
§=0

where ¢ is an unobserved error term with finite variance o2, and v; is a sequence of constants.
It is assumed throughout the paper, that Z;’io %2' < 00, so that y; is a second order stationary
process whose spectral density is given by f,(w) = % (e)p(e™™), where 1(z) = D222 j9h;27.
The following preliminary assumptions are made concerning the error term and the Wold de-

composition coefficients or IRWs, given by 1;:

Assumption 1 is in two parts: (i) € is an ergodic martingale difference sequence, so that
Elelei1,€i-9,...) =0, E(e?|e;1,€i-9,...) = 0% and E(e}|e;_1,€_o,...) = ps where uz is a finite

constant; and also (ii) E(e}) < oo.

Assumption 2 9(z) = ¥(2)/(1 — 2)?, where ¢(z) = > e iz, > o |1h;| < oo and d < 0.5.
Also p(2)~" = 372 Ky exists.

Hence the class of above processes is very wide and includes all linear processes considered
in the existing literature, and encompasses long memory processes including the leading case
of ARFIMA(p,d,q), where (2) = 6(2)'p1(2) and 6(2) = Y6520 and (2) = 0y ;27
and d is the long memory parameter. For the purposes of analyzing both parametric and
semi parametric bootstrapped inference on I RW's, it is necessary to introduce a parametric
representation associated with the above setup, that is more general and encompasses ARFIM A
processes. The 1); are then allowed to be functions of a finite s dimensional parameter vector,
0, which is defined in a compact subset of R*, denoted by ©, and has a nonempty interior.
These functions are denoted by ;4 and the notation ;¢ specifically indicates that subsequent
analysis is parametric. The notation 1); is used for both the general discussion and also for the
semi-parametric setting. The following identifiability assumption is required for the parametric

setting.

Assumption 3 (i) If ¢; = ;¢ then there exists a unique value of 6, denoted 6y such that
TES Zj‘io V;0,€—;. Furthermore, 1y, (2) # g(2) for any z and for any 0 different to 6y, where
Po(2) = Do We?’. (i) Ui are twice continuously differentiable, with respect to 6, where

Yo(2) = o(2) /(1 = 2)°



2.2 Parametric Estimation of Impulse Response Weights

The purpose of our analysis is to estimate 1; for j = 1,..., h, for some finite horizon h, and to
conduct inference on the estimated 1);, with particular attention to the issue of construction of
confidence intervals for the estimated IRW's. A standard method is to derive the asymptotic
approximation of the distribution of the estimators of ;. The most commonly used approach
is to use the parametric estimator given by wj7é7 where 0% is the MLE of §. This paper
focuses on the Quasi Maximum Likelihood Estimator, (QMLE), which has been previously
analyzed in a very general context by Hosoya (1997), and who has elegantly characterized their
properties in the frequency domain. In particular, " is defined by ST(éW) = 0 where ST(éW) =
(Sp0(@W), oy Su(6%)Y, Sps(6) = Hy(6) + [ tr (hy(w, 0)] (w,0)) dio, H,(§) = 2Bt ()

a0, ,
—1
h;(8) = w%—ej(w), j=1,..,s, I (w,0) is the periodogram for y, ..., yr and f,(w,#) is the spectral

density, which given the parametric setting, is a function of 6 as well as w. As shown by Robinson

(2006), the QM LE is also asymptotically equivalent to an estimator obtained by minimizing

the conditional sum of squares,

T t—1
6 = argmaxycq Z (0),  €(0) = Z K 0UYt—j.- (2)
t—1 =0
However, strictly speaking these estimators have been shown to be equivalent under slightly
more restrictive assumptions than those made in Hosoya (1997). For the sake of precision it
is desirable to obtain separate results for both estimators. These results relate to the asymp-
totic distributions of ¢; 5 and v, 5w and are given in Theorems 1 and 2 of Appendix A. These
results provide an operational way, sometimes referred to as the ”delta method” for construct-
ing asymptotically valid standard errors for ¢, ; and ¢, ;w. However, it is well known that
especially in small samples, this method can deliver poor quality approximations for estimated
IRW s;for example see Kilian (1998a). This is essentially the motivation for the extensive use

of the bootstrap for I RW's from such processes and hence is a main focus of this paper.

2.3 Semi Parametric Estimation of Impulse Response Weights

An alternative to the above parametric analysis for estimating and conducting inference on I RW's

is to use semi-parametric methods. We consider two alternative approaches in this section.

2.3.1 Inversion of Autoregressive Approximations for Estimation of Impulse Re-
sponse Weights

This paper suggests an entirely different approach which has a clear semi parametric interpre-
tation. The approach is based on implicitly ignoring the presence of strong dependency in the
series and to simply estimate a high order AR(py) model. To make more concrete, it should
be noted that the ARFIMA(p,d,q) model can be represented by the infinite autoregressive



expansion of the form

Yy = Z RiYt—j + vy (3)
j=1
A possible method is to directly estimate by OLS the truncated autoregressive, AR(pr), expan-
sion
pr
Yy = Z /‘ig-pT)ytfj + ,Ut(pT) (4)
j=1

where the order pr, is obtained by some information criterion. This approach has been theo-
retically analyzed by Poskitt (2007). The least squares estimates of l€§~p ) obtained by fitting an
AR(pr) model to the data, are denoted by by /%§p ) Theorem 5 of Poskitt (2007) states that

2
il /%ng) — /fg-pT)’ = 0,(1) for all pr such that py — oo and pr = o(T®) for all @ > 0. For

example, an acceptable sequence for pr is (InT)* for some « > 1. Further, by the extension of

Baxter’s inequality proven in Theorem 4.1 of Inoue and Kasahara (2006) it follows that

= op(1) (6)

which implies that the IRW's can be consistently estimated by fitting an approximating AR

model to the time series realization. In particular, the IRW s are given by 1&(2) = Zj’;l zﬂjzj =

A71(2), where &(z) = &P)(2) = > /%Ep 7). For subsequent analysis it is convenient to also

J
(2007), via his Theorem 9, that selecting pr by information criteria such as the AIC or BIC' is

-1
define ¢®7)(z) = (I{(-p T)> . A critical issue is the choice of pr, and it has been shown by Poskitt

asymptotically efficient in the sense of Shibata (1980). In the Monte Carlo study in this paper
the value of pr is fixed at (In7T)?, which is a valid approximation for finite order ARFIM A
processes and even for infinite AR representations. In terms of inference for the I RWs,a data
dependent method for selecting pr is also considered in the Monte Carlo study. Consequently,
the AR approximation has an interpretation of being a semi-parametric model.

Another important point is concerned with the Theorem 10 of Poskitt (2007), which shows
that the asymptotic distribution of /%gp 7) is nonstandard and non Gaussian, which is clearly quite
different to the theory relating to weakly dependent processes as described by Lewis and Reinsel
(1985). Hence inference based on estimated I RW's obtained from the AR approximations will be
problematic. Again, this is another strong motivation to base inference in this semi- parametric
setting on the bootstrap. This is the approach adopted later in this paper.
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2.3.2 Semi Parametric Local Whittle Estimation of Impulse Response Weights

An alternative, intuitively interesting approach which does not seem to have been previously

implemented in the literature, is to estimate the long memory parameter from the data using a

semi parametric estimator, such as the local Whittle (L) estimator and to then fit a parametric

model to a fractionally filtered, or fractionally differenced series. This approach is referred to as

the LW two step estimator (LWTSE) of the IRWs. The LW estimator of d, is denoted by cZLW

and is obtained by minimizing the objective function In [% Py W (wj)] —2d > ey In(w;), with
2

wit! and m is the

respect to d, where I(w;) is the periodogram given by I(w;) = 5= ‘Zszl (e

bandwidth. For the LW estimator of d, it is known that, for linear processes, m'/? (d w —do) —
N{0,1/4} where dy denotes the true value of d. It is important to note that m < T%° and
m is generally chosen in the range of T%2 < m < T*5. In the usual case of ignorance of the
short run dynamics, the bandwidth is generally selected in an ad hoc way and a popular choice
is m = T%5. For a discussion of this issue, see also Henry (2001).

A further method proposed by Andrews and Sun (2004) is the Local Polynomial Whittle, or
LPW method which approximates the logarithm of the spectral density of the short memory
component by a polynomial. This leads to an estimator of d which has a reduced asymptotic
bias, but higher variance. All the simulations involving cZLpW, in this paper, use the first order
approximation as in Nielsen and Frederiksen (2004).

In terms of the estimation of IRW's, if the parameter d is known, then the observed
series can be fractionally filtered to obtain u; = y; — Zf;zf m(d)y;— where (1 — L)%y, = y, —
S ooy m(d)yi—;, and m(d) are the coefficients of the infinite AR representation of y in terms of
uy, so that m(d) = T(I—d)T'(—d)~'T'(I+1). In practice, d is unknown and can be replaced by the
LW estimate, dzy . Then, the feasible fractionally filtered series based on observable quantities
S =y — Yt #(dow ) ye—r, where 7, (dpw) = D(1—dpw)T(=dpw) " 'T(1+1). For concreteness,
this paper focuses on the estimation of the widely used univariate ARFIM A(p,d,q) process.
Extensions to models with more complicated short run dynamics are quite manageable. The
complete parameter vector is denoted by 0= (d,3)’, where the (p 4+ q) ARM A parameters are
in the vector 8 = (¢1,..¢p, V1, ...,9,)'. The true parameter values are denoted as [(y(dp), and
the LW two step estimator (LWTSE ) of 3, based on the feasible fractionally filtered series
are Brwrse(dow). Then the ARM A(p, q) parameters of the original ARFIM A(p, d, q) process
are estimated by minimizing the conditional sum of squares, C'SS, conditional on dpw. The
following result provides consistency and a rate of convergence for the two step estimator of the
ARFIMA(p,d, q) model.

Theorem 1 Let y; be given by an ARFIMA(p,d,q) process, where ¢(L) and (L) are AR

and MA polynomials in the lag operator of orders p and q respectively, with all their roots

lying outside the unit circle. Let the disturbance ¢ be i.i.d.(0,0?), with E(e}) < oo. Then,
Brwrse(diw) — Bo(do) = Op(m~1/?).



The above theorem is proven in Appendix C; and it appears that the only previous work
investigating the issue of using a semi parametric estimator of d in a two stage analysis is by
Wright (1995). Once the parameters of the ARFIMA model have been obtained, it is then
straightforward to estimate the I RW's. While the LWTSE approach is semi parametric in the
sense that d is estimated semi parametrically, the second step is fully parametric and there does

not seem to be any previous literature on how this parametric assumption can be relaxed.

3 Bootstrap Inference

The motivation for using the bootstrap seems very compelling given existing evidence on the poor
quality of asymptotic approximations for constructing confidence intervals for IRW's in small
samples for weakly dependent processes; see for example Kilian (1998a) and Kilian (1998b).
Furthermore, it is clear that unlike semi-parametric autoregressive approximations for weakly
dependent processes, such approximations for long memory and the alternative I RW s estimator
based on LWTSFE are not easily amenable to asymptotic inference, since the relevant distribu-
tions are either non Gaussian or unknown. Hence the bootstrap appears to be an attractive
alternative approach .

There has been a rapidly increasing literature on the application of the bootstrap to long
memory processes; for example, see Poskitt (2008). Andrews and Lieberman (2006) provide
results both on the validity of the bootstrap and its ability to provide higher order corrections
compared to asymptotic approximations. However, this work assumes Gaussianity and Andrews
and Lieberman (2006) conjecture that higher order corrections will not be valid for such pro-
cesses. The results in this paper prove the validity of the parametric bootstrap for non Gaussian
processes for both the parametric estimators introduced in the previous section. This material
uses the foundations provided by Hosoya (1997), who has established the validity of M LE for
non Gaussian long memory processes. The main contribution of this section of our paper is to
provide justification for a semi parametric bootstrap, which can be used for inference on esti-
mated [RWs in either the context of a parametric, or a semi parametric model. The work of
Poskitt (2007) is important for these derivations.

It is now convenient to consider the parametric bootstrap for the model given by where
Y; = ;9. From assumption 2} it is known that 3 has an infinite AR approximation, which is
given by y, = Z‘;‘;l KjoYi—j + €. After estimating 6 using one of the methods discussed in the
previous section, the residuals can be obtained as ¢ = y; — Z;;ll K oYt—j- For the parametric
bootstrap, these residuals are then re-centered and re-sampled with replacement, to obtain a
vector of bootstrap error terms denoted by (€7, ...,er). These bootstrap errors can then be
used together with the estimated AR coefficients to give the bootstrap sample (v, ..., y5)". It
is important to note that initial conditions are required, and that these are usually set to the
estimated unconditional mean of the data. The bootstrap sample can then be used to estimate

either by M LE or by the minimization of the conditional sum of squares; and hence obtain
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bootstrapped estimates 0"* and 0 respectively. These estimates can then be used to obtain the
corresponding bootstrapped estimates of the I RW's, denoted by w; ow and z/J; 5 This procedure
is replicated B times to generate estimates of the IRW's and their empirical distribution as
B — o0, which can be used for inference on the estimated /JRWs. On denoting P, as the
probability law of a random vector y and d(P,,, P,,) as the Mallows metric between P,, and
P,,, it is then possible to derive the following theorems concerning the validity of this form of

parametric bootstrap for both M LE and the minimization of C'SS.

Theorem 2 Let Assumptions[I3 and [JH8, of Appendiz B, hold. Then, for all j =1,...,h

d (Pﬁ(wj,éw_wj,90)7 Pﬁ("/{jyéW* —Tﬁj’éw)) = Op(l) (7)

Theorem 3 Under assumptions [{|(i) and [}{3; and further assuming that (i) € is an i.i.d. se-
quence, (ii) Z‘;‘;l Supy |1/~1j79| < 00, (i) 1;]-,9 are twice continuously differentiable, with respect to
0, and (iv) 2, defined in of Appendiz A, is nonsingular. Then, for all j =1,....,h

! <Pﬁ(¢jvéfwj’90)’ Pﬁ(w]’,é* ”@',é)) = op(1) (8)

Both Theorems are proven in Appendix D. It is now appropriate to discuss a semi parametric

sieve type bootstrap, which can be implemented using the following strategy:

1. Estimate an AR(pr) model on y; and obtain the estimated coefficients, /%§pT), j=1,..pr

. ~ 3 t—1) ~
and the residuals, & = vy, — Z?ZT(‘”“ ) R oY -

2. Invert &P1)(2) = yall f%g»pT)zj to obtain estimates of the I RWs given by 1%(-”), j=1,.. h

3. Re-center (éq,...,ér)’
4. Re-sample with replacement from this vector, to obtain the bootstrap sample of error
terms given by (€7, ..., €h)".

5. Use the above quantities together with /%§-p 7)

(Yt .y

,J =1,..., pr, to generate the bootstrap sample

6. Estimate an AR(pr) to (v, ..., y5) to obtain the bootstrap estimated autoregressive coef-
"*7(pT)

ficients given ,J3=1,....01;
7. Invert /%*’(pT)(z) = ;’21 /%;’(p )i to obtain bootstrap estimates of the impulse responses

given by &;’(pT), j=1,.. h

8. Repeat the above algorithm B times and then use the resulting estimates of the I RW's to

construct an empirical distribution of the I RWs.

The following theorem justifies the above bootstrap approach, and is proven in Appendix E.



Theorem 4 Let Assumptions hold. Let pr = o((InT)*) for some a > 0. Then, for all
=1,k

d (PTT(@pw_w](,pw),PTT(@,(pT)_@pT))) = 0y(1) (9)

1/2-d
where rp = p;?’/? <%) .

This theorem does not follow directly from the work of Poskitt (2008), since the statistic
being bootstrapped is a function of a statistic that grows with the sample size, rather than
being fixed. It is worth briefly commenting on this bootstrap. It can be classified as an ‘other
percentile’ bootstrap in the taxonomy of Hall (1992). Further, the statistics on which it is based
do not have the desirable pivotalness property that can also lead to higher order asymptotic
refinements. However, in this respect we note the important contribution of Kilian (1999) who
notes that studentising I RW's, to induce asymptotic pivotalness, can be counterproductive, and
lead to worse finite sample performances.

An alternative sieve bootstrap is obtained by generating the data as above, but with the
parameter vector #, being bootstrapped and used to generate the IRWs. The validity of this
bootstrap follows immediately from Theorem 2 and the discussion of Assumption 4 of Poskitt
(2008). This argument also clearly applies to the IRW's obtained via LWTSE. The only
difference here is that d is estimated semi parametrically rather than parametrically within
an ARFIMA model. A final point worth mentioning here is that this method need not be
restricted to univariate models. In many applied situations, it is often desirable to consider
vector processes. Appendix F extends the above estimation and inferential methodology to
IRWs from VAR(pr) models. These results show that there is no difficulty in extending the

methodology to the vector case.

4 Monte Carlo Analysis of Estimated IRWs

This section reports the results of the previously described Monte Carlo study of the estimation of
the IRWs. Given the ARFIM A(p,d, q) process in equation (3) the implied I RW s, denoted by
Yy for k =1,,2,.... are generated from (L) = 9(L)(1 — L)~%¢(L)~*, where (L) = > ¢ LF.
The estimated I RW s are obtained by replacing the true theoretical parameters with their corre-
sponding estimates. For large lag k, these Wold decomposition coefficients decay at the approx-
imate rate of ¢, ~ c;k?'. However, the presence of a relatively persistent AR(1) component
process can considerably alter the appearance of the I RW's for short to moderate impulse re-
sponse horizons.

Figures 1 through 2 report some of the results for different I RW's for horizons k = 1,2, ....40
for ARFIMA(1,d,0) models; and for designs of d = 0.4,0.8 and ¢ = 0.95.[] Although the pre-

vious theoretical analysis has focused on stationary processes, a considerable amount of applied

'Results were also obtained for the cases of d = 0.2 and d = 0.6. They are qualitatively very similar to the
results presented and are omitted for reasons of conserving space. They are available from the authors on request.
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Figure 1: Impulse Responses: d=0.4, ar=0.95
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Key: Solid Line (——) represents the true IRF; Long Dashed Line (— — —) represents the Two-Step LW; Dotted
Line (. . .) represents the AR Approximation; Short Dashed Line (- - -) represents the MLE; Dense Dotted
Line (...) represents the Two-Step LPW.

econometric work has found estimates of d in the range of 0.5 < d < 1, which implies a non
stationary process, but with finite cumulative I RW's. Hence, it seems very important to extend
the Monte Carlo analysis to consider some mildly non stationary long memory processes.

The I RW's are all estimated from the three different methods of (i) AR approximations, (ii)
MLE and (iii) LWTSE. The LWTSE method is based on using the LPW | rather than LW,
for the initial estimation of d in the stationary cases. The estimated I RW's from using the LW
and LPW methods are constructed using a bandwidth of m = T%° P| For a model with d = 0.4
and quite persistent short memory, Figure 1 indicates that I RW s estimated from the LWTSFE
approach perform poorly in comparison with corresponding estimates from M LE. The ITRW s
estimated from M LE with d in the stationary region dominate alternative methods; however
M LFE estimated I RW s are poor for d = 0.8 when there is persistent autocorrelation of ¢ = 0.95.
In this case the AR(pr) approximation performs surprisingly well and is the preferred method.

For the large sample size of T'= 1,000 and for designs of (d = 0.6, ¢ = 0.5) and (d = 0.8,
¢ = 0.5),which are not reported to save space, the M LE performs extremely well, with the high

2Results for the cases of ¢ = 0.5 and ¢ = 0.8 are omitted for reasons of conserving space, and are available
from the authors on request. Similarly results based on optimal bandwidth given knowledge of the true data
generating process are also omitted since they are broadly similar to reported results in this paper.
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Figure 2: Impulse Responses: d=0.8, ar=0.95
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Key: Solid Line (——) represents the true IRF; Long Dashed Line (— — —) represents the Two-Step LW; Dotted
Line (. . .) represents the AR Approximation; Short Dashed Line (- - -) represents the MLE.

order AR approximation generally being slightly superior to the LWTSE. For the design of
(d =0.8, ¢ =0.95) in figure 2, the high order AR approximation performs outstandingly well,
with the M LE a poor third compared with the LWTSFE. Hence, there seems some evidence that
M LE works well for non stationary long memory processes provided that there is only moderate
degree of persistence in the short run dynamics. However, when a non stationary long memory
process has a very persistent short run component, the high order AR approximation method
is extraordinarily accurate compared with M LE and the LWTSE. The excellent performance
of the high order AR(pr) method strongly suggests that it should be the main analytic tool
if an investigator is principally interested in assessing the impact of shocks or innovations on
a series. This recommendation is also reinforced by the fact that in practice an investigator
will be unaware of whether the data generating process is 1(0), or stationary long memory, or
non-stationary long memory. Also, the results suggest that the application of the LW should
probably be reserved for only obtaining an estimate of the long memory parameter. Hence the
estimates of IRW s based on LWTSE are omitted for space constraints and are not considered

for the Monte Carlo study of confidence interval estimators reported in the next section.
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5 Monte Carlo Analysis for Confidence Intervals for Es-
timated IRWs

This section investigates the small sample properties of some of the methods analyzed in the
previous sections for constructing confidence intervals for I RW's. The focus is on data generating
process which have simple parametric models and it is assumed that the parametric methods
for constructing the confidence intervals use the correct specification of the process. This is of
course, disadvantageous to the semi-parametric method used to construct confidence intervals.
However, our results reported below, still give quite clear indications as to the superiority of the
various methods. It was decided to focus on various ARFIMA(1,d,0) models as the benchmark.
Previous work by Baillie and Kapetanios (2007), Baillie and Kapetanios (2008) and Nielsen
and Frederiksen (2004) has suggested that the most important reason for problematic inference
in small samples for a variety of long memory models, hinges on the presence of persistent
short memory components. This is intuitively very reasonable since such persistent stationary
components can be mistaken for long memory. Hence this study considers a parsimonious short
memory AR(1) structure, which gives an overall ARFIM A(1,d,0) model.

For the Monte Carlo experiment, realizations of ARFIM A(1,d,0) processes were generated
for three different sample sizes of T = 200, T' = 400 and 7" = 1,000; and for three simulation
designs of the AR coefficient, ¢, and long memory parameter, d. The designs were (¢,d) =
(0.50,0.2),(0.95,0.2), (0.95,0.4); with ¢, ~ NID(0,1). In practice an investigator would have
no knowledge as to whether or not a series has long memory. Hence this study considers
the performance of the various approaches in the presence of stationary, but very persistent
processes, where the data generating process is AR(1) with coefficients of ¢ = 0.9,0.95,0.98,0.99.
The following four different approaches were used to construct confidence intervals (C1) for the
estimated I RW's:

e Approach 1: C1I obtained from bootstrap IRW obtained by fitting AR(pr) models to
samples generated by the sieve bootstrap where pr = (InT)?. This method is theoretically
justified in Theorem

e Approach 2: CI obtained from bootstrap I RW obtained by fitting AR(pr) models to sam-
ples generated by the sieve bootstrap where pr is obtained by using the Akaike Information
Criterion (AIC).

e Approach 3: Clobtained from bootstrap I RW obtained by fitting ARFIM A(1,d,0) mod-
els to samples generated by the sieve bootstrap. This method is theoretically justified in
Theorem [I]

e Approach 4: CI obtained using the method of Wright (2000).

One motivation for considering Approach 4 is due to the fact it is has produced very good
results for persistent near unit processes (see, e.g., Pesavento and Rossi (2006)) and hence is a
12



useful benchmark. In terms of specification for Approach 4, it should be noted that the grid
used for the local-to-unity parameter (¢ in the notation of Wright (2000)) is ¢ = 1,2, ...,50. As
this method relates to AR(p) models a lag order needs to be specified. Initial experimentation
suggests that setting p = 1, which is the standard setting used in Wright (2000), does not
produce a good performance for long memory models, which is intuitively reasonable, as these
models have AR(c0) representations. On the other hand the method’s performance suffers when
very high lag orders are used. As a compromise the value of p = 4 is used for all the experiments.

Figures 3 and 4 report the coverage rates for the above methods using 2,000 replications with
599 bootstrap replications being used for each Monte Carlo replication. The first set of results
covers the case when the data generating process has long memory; and Approach 3 is found to
generally perform very well. This is reasonable since it is the case when the correct specification
of the model is known and used. Hence this is a benchmark for the other approaches. In
general the Approach 1 works very well and has a deteriorating performance when persistence
rises either by increasing d or ¢. In general, it is the best performing method when knowledge
of model specification is not assumed; and in a considerable number of cases, it performs as
well as Approach 3. The Approach 2 performs quite poorly when ¢ is relatively low. In such
cases the AIC is likely to choose a low lag order which is not capable of capturing the long
memory properties of the data. When ¢ is high, the AIC is forced to choose a more highly
parameterised model and approximates the performance of Approach 1. It is also clear that
Approach 2 improves considerably with sample size.

The performance of Approach 4 is similar to that of Approach 2. It works much better for
high ¢ since it is designed to handle very persistent processes. It is also clear that it can perform
very well in relative terms, for smaller sample sizes, and out performs all the other approaches
except the Approach 3, for high ¢ and T'= 200, and a large number of horizons.

For the AR experiments, all the approaches work much better apart from Approach 3 which
seems to suffer even though the model it uses is correctly specified. Surprisingly, in some cases
it is the approach performing worse than all others. Approaches 1 and 4 work very well, with
Approach 4 being slightly superior for small sample sizes and high values of ¢. Approach 2
works slightly worse, although it improves rapidly with sample size, implying that lag selection
is not that helpful.

Overall, Approach 1 seems to be a robust and useful method for constructing C'I for ITRW.
It seems that, for relatively large sample sizes, lag selection is not that helpful and the use of
a large lag order provides robustness to model mis-specification without large costs in terms of
performance due to over parametrisation. For smaller sample sizes it seems that Approach 4 is
very useful for very persistent processes even if they have long memory. But, it seems clear that
a relatively large sample size is an important prerequisite if long memory is to be entertained as

a possible strategy for modelling.
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6 Empirical Application

The previous findings in this paper have indicated that a good strategy for analyzing IRW's
is to estimate them by semi-parametric AR approximations, and to use the sieve bootstrap for
estimating confidence intervals. Furthermore this approach appears to be a very good strategy
for processes with either persistence or short memory. This section provides an illustration of this
approach to the analysis of two reasonably large macroeconomic quarterly data sets comprising
CPI inflation and real exchange rates.

The C'PI inflation data consists of the 26 countries: UK, US, Switzerland, Sweden, Spain,
South Africa, Portugal, Norway, New Zealand, Netherlands, Mexico, Malta, Luxembourg, South
Korea, Japan, Italy, Greece, Germany, France, Finland, Denmark, Cyprus, Canada, Belgium,
Austria and Australia. While the real exchange rate (RER) data is from 10 countries: UK,
Switzerland, South Africa, Norway, New Zealand, Mexico, South Korea, Japan, Canada and
Australia. Note that Euro zone countries are excluded from the RER data due to the introduction
of the Euro in January 1998, and the possibility of structural breaks occurring around January
1998. The data span the period of 1957Q1 through 2009Q1; and all the data are obtained from
the IMF (International Financial Statistics (IFS)). The C'PI data are not seasonally adjusted. In
our view, using seasonally unadjusted data is usually preferable to avoid contaminating data and
results with the effects of, sometimes ad-hoc, seasonal filters. However, following a preliminary
investigation, which suggested that seasonal components may affect the appearance of the C'PI
inflation / RW we have seasonally adjusted the C'PI data for the C'PI inflation I RW analysis
using an X — 12 filter. The bilateral real exchange rate ¢ is constructed as the i-th currency
at time t as ¢+ = Sit + Dj+ — Pit, Where s;; is the corresponding nominal exchange rate (i-th
currency units per one unit of the j-th currency), p;, the price level (CPI) in the j-th country,
and p;; the price level of the i-th country. That is, a rise in ¢;; implies a real appreciation of the
J-th country’s currency against the i-th country’s currency.

The I RW analysis was conducted by implementing our Approach 1. Hence an AR approxi-
mation with a lag order of (InT)? was used to estimate the I RWWs and then a sieve bootstrap was
used to construct 90% confidence intervals. The half lives were measured for each of the impulse
responses. For the purposes of this paper, the half life is defined as h = i, for which ©; = 1),/2
where linear interpolation is used to define 1; for non-integer 7. Note that the usual closed form
/2 “where p denotes the AR coefficient of an AR(1) model, is

n(p)
only valid for AR(1) models. There is no closed form solution for general AR(p) models. All

solution for h, given by h =

the empirical work uses 599 bootstrap replications.

The IRW results are reported in Figure 5 for the C'PI inflation series and in Figure 6 for
the real exchange rates. Half life measures and their sieve bootstrap confidence intervals are
reported in Table 1. The estimated I RW's for the inflation series are plotted in Figure 5, and
have a oscillatory appearance, in a number of cases, suggesting the presence of complex roots

in the autoregressive polynomial. Such roots are more likely in cases where the lag order of the
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AR model is high. It is clear from these plots that the inflation series are not very persistent,
since the IRW's of most of the series appear to have a clear monotonically declining trend.
Only the UK and Spain have hump shaped estimated I RWs. The estimated half lives and their
confidence intervals are given in Table 1. The half lives are quite low, and generally range from
1.5 to about 3; although exceptions are the US, France and Italy whose half lives exceed four
quarters.

However, one interesting issue concerns the previous definition of half life, which is not fully
robust. In particular, when the I RWs oscillate, rather than monotonically decline, it is possible
that the I RW will fall below half their original value, only to rise again before falling back. This
oscillation may in fact be repeated and in this case the definition breaks down. One definition
that has been used is to define the half life as either the smallest i for which 1; = 1/21)y; see for
example Rossi (2005), or alternatively the largest such i; see for example Ng (2003). This study
follows Rossi (2005) and uses the smallest i. Examination of the IRWs in Figure 5 suggests
that in a number of cases, including the US, Switzerland and Spain, the oscillatory nature of the
IRW implies that the reported half life may be misleading. It is sufficient for the purposes of
this illustrative empirical work to note that the standard measure of half life may misrepresent
the persistence of C'PI inflation.

Plots of the IRWs for the real exchange rate series are presented in Figure 6. It should
be noted that the corresponding I RW's are much smoother than for the inflation series and
suggest that the real exchange rate series are much more persistent processes. In some cases,
e.g. New Zealand and UK, there is a smooth oscillatory pattern reminiscent of AR(2) structures
with complex roots. The increased persistence is reflected in the half life measures which range
from 8 for Mexico to 34 for South Korea. Again there is the problem of non-monotonicity of
some of the I RW's associated with the UK and New Zealand, where initial /RWs fall below
0.5 but are above 0.5 at longer horizons. Another interesting feature is that the IRW exceed
unity at horizons of about 2 to 10 quarters for a majority of countries, which indicates quite
extreme persistence. Overall, it seems that the new methodology proposed in this paper provide
a reliable and robust method for carrying out /RW analysis. The empirical findings confirm

that real exchange rates are very persistent and significantly more so than C'PI inflation.

7 Conclusions

This paper has considered the estimation and construction of confidence intervals for Impulse
Response Weights (I RW's) from strongly persistent time series, which include fractionally inte-
grated processes with slowly decaying hyperbolic autocorrelations. One of the main contributions
of the paper in terms of estimation of the IRW's is to consider a non parametric time domain
estimator based on an autoregressive (AR) approximation. This estimator is shown to have
surprisingly good theoretical and small sample properties. The paper has also examined the

application of a procedure where the Local Whittle (LW') estimator is initially used to estimate
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the long memory parameter and to then subsequently estimate the short memory parameters
and hence to estimate the ITRW's. In general, Monte Carlo results indicate that this method
does not work as well as the AR approximation for the estimation of the I RW s.

The second part of the paper investigates the most appropriate methods for estimating the
variability and the construction of confidence intervals for the estimated I RW's. As previously
discussed there has been a long standing concern in the literature over this issue. As with weakly
dependent processes confidence intervals based on the ”delta method”, and asymptotic approx-
imations can prove very unreliable. This paper has considered a generic semi-parametric sieve
bootstrap based on an autoregressive approximation of the unknown data generating mecha-
nism. Under mild assumptions, we show the validity of IRW inference analysis based on the
AR approximation and the validity of bootstrap inference on the resulting I RW's.

The results in the paper indicate that the sieve bootstrap has a number of advantages and that
a good strategy for analyzing I RW s is to estimate them by semi-parametric AR approximations,
and to use the sieve bootstrap for estimating confidence intervals. Furthermore this approach
appears to be a very good strategy for processes with either short or long memory. The objective
in this paper has been to provide a detailed analysis of the I RW analysis in univariate time
series with strong persistence. However, the extension of the methodology to the multivariate
case with the use of high order VAR approximations is relatively straightforward and is also
described in an appendix to the paper. The application to inflation and real exchange rate series
indicates that the prescribed methodology is reasonably easy to implement in practice and gives

intuitively reasonable results.
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Appendices

Appendix A

In this Appendix we present the distributional results referred to in Section [2.2] Assumptions
are presented in Appendix B.
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Theorem 5 Under the assumptions [I{3 and [{}{6, and for all j = 1,...,h, where h is the mazi-
mum lag of the I RW weights being considered,

VT (wjyéw - gpjﬂo) 2 N (0, DWW UW D) (10)

where D; = — o

0| , the (i, j)-th elements of W and U are defined in cmd (l) of Appendiz
A, and 0y denotes the true value of 6.

Theorem 6 Under the assumptions (iz') and @ @ and further assuming that € is an i.i.d.
sequence, that Z;’il supy \%79\ < oo and that Q, defined in of Appendiz A, is nonsingular,
then for all j =1,....h

VT (135 = i) > N(0, Dj D) (11)
where D; is defined in Theorem [3,

Under the assumptions of the Theorems, the results for Theorems 5] and [6] follow immediately
from Theorem 2.2 of Hosoya (1997) and Theorem 2 of Robinson (2006), respectively, and the
application of the delta method.

Appendix B

This Appendix sets out a set of technical regularity conditions that are required for the validity
of the results of Hosoya (1997) and Theorem . It is necessary to define the following terms; in

particular Q¢(wy, ws, ws) denotes the fourth order spectral density of €;, and is

— -
Q (w1, w2, ws) = 33 Z Z Z exp (—i (w1t + wats + wsts)) Q(t1, ta, t3)

t1=—00 tg=—00 t3=—00

where Qe(tl, t9,t3) is the joint fourth-order cumulant of €, €14, €144, and €,4,. Let

R(6) = H,0)+ [ " by (w.0) , (w0, 0)

oR())
VVij (9(9] )= 1a"'757 (12)
and
Uij =4 /ﬂ- h@-(w, H)hj(w, Q)f;(w, 9)dtd+ (13)
2r hi(wy, 0)h(wa, 0)t(e" )1bp(e™™" )1 (" )bg(e ™" )dwrduw
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respectively. Finally, let
1 s

=5 g w(w)w(w) dw (14)

where
w(w) = |log ‘1 — e’“f — 2i log Wg (ei‘”)| :
Ow 0
The relevant technical regularity conditions are:
Assumption 4 Q¢ (wy,wsq,ws) is y-Lipschitz, uniformly in wi,wq and ws, i.e.
2l
|Q€(w1 + €1, w2 + €2,w3 + 53) — Qe(wl, wa, W3)| < {mlax |€1’} .

Assumption 5 (i) f,(w) is bounded away from zero (i) [ (e™)*"dw < oo, for some u such
that 1 < u < 2. (iii) There exists ¢ > 1/2, such that

o (1510 () st - wfas) =0

for some u such that 1 < u < 2. (iv) For any ¢ > 0 and 6, there exists a > 0, and functions
h;(w) and hj(w), such that, if |6, — 6] < a, hj(w) < hj(w,6) < hj(w) and

([ e (s = )| ) .

forv=(u—1)/u and 1 <u < 2.

Assumption 6 Given ¢ > 0, there erists integer m(e), a partition UV (r), ..., U™E(r) of the
ball in © with centre Oy and radius r and square integrable functions ﬁ;(w) and i_zé(w) such that

for all sufficiently small r and for all j, Bé (w) < hj(w,8) < hi(w) if 6 € UD(r). Also,

(/_ [ (e Yo(e™) (R (w) = hy(w, 00))[" dw) L

for alll, where v = (u—1)/u and 1 < u < 2. Further, Condition B of Hosoya (1997), holds for
the pairs {ﬁé,w}, {Bg,z/)} and {h;(.,00),¢}, foralll,j.

There are several connections between these technical regularity conditions, the assumptions

and

made in the body of the text and the assumptions needed for Theorem 2.2 of Hosoya (1997).
Assumption (ii) and (1) is sufficient for differentiability of the spectral density function, its
logarithm, its inverse and Assumptions C(iv) and D(ii) of Hosoya (1997), as required for Theorem
2.2 of Hosoya (1997). The identifiability conditions of Assumption [3|i) imply Assumptions
C(iii) and D(iv) of Hosoya (1997). Assumption [4] the ergodicity and martingale difference
assumption of Assumption [I| imply Assumption A of Hosoya (1997). Finally, Assumption |§|
implies Assumption D (iii) and the second part of Assumption D(iv) of Hosoya (1997), needed
for the bracketing function approach taken in that paper.
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Appendix C

This Appendix provides the proof of Theorem [1}
Since all the roots of the polynomials in the lag operator ¢(L) and 6(L) lie outside the unit
circle, it follows that >";2 7 < co and hence that

t—1
Z TEYt—k = Op<1)
k=1

The Local Whittle estimator dyy will generate the fractionally filtered series

t—p

iy = (1= L)Wy, =y, — Zﬁ'l(dLW)yt—la

=1

where
ﬁl(CZLw) = F(l — CZLw)F(—dALw)ilr(l + 1)

Since @, = (1 — L)4wy,, then

( —w) = mi(dpw — do)u_;.

=1

Since
(drw — do) = O,(m™?)

and u; = (1 — L)%y, then following the same approach as Wright (1995),

o 2
T IZut—ut =T~ Z(Zﬂ'] dLW do)ug— J> )
7=1

Then, using the mean value theorem we have that m;(d) = dX; 4+ d*X7 , where X denotes the

first derivative and X7 the second derivative of 7;(.). Then,

t—1 t—1 t—1
ST SP RS P
k=1 k=1 k=1
and following the same arguments as in Wright (1995),
t—1
(dow — do) > Xjup_j = Op(m™"7?),
k=1
and

t—1
T dpw — do) Y Xju—j = Op(m~/?),
k=1
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and hence

T—k T—
T g = Z et + Opm™1?) (15)

t=1

This suffices to prove the result for an ARFIM A(p,d,0) model. For the general case of an
ARFIMA(p,d,q) model we have that for the second step ARM A estimation, the conditional
M LE needs to be numerically maximized. Let us denote the likelihood function by L(3;d). The
form of the likelihood may be found in, e.g., (5.6.3) of Hamilton (1994) and is given by

T2
6t

L(5(d)) = — log(2r) — 7 log (o) — >_ T4

@ (B(d) =w = 3 by = > Ve (B(d))

It is clear that the likelihood function is differentiable. It is further clear that, once initial
conditions for €, (5(d)) , ..., €1 (5(d)) are set, L(3(d)) is a function of autocovariances of u;. Then,
as long as holds we have that

L (BLWTSE((jLW)) — L (Bo(dy)) = Op(m~1?),

But, by an application of the mean value theorem we have that

L (B((jLW)> = L (Bo(do)) + g_g <B(dLW) - 60((10)) .

Hence, the result of the Theorem holds for ARFIM A(p,d, q) models completing the proof.

Appendix D

We wish to prove that the parametric bootstrap for the parameter estimates, of parametric long
memory models is valid. We will focus on the proof of Theorem [2] i.e. for the conditional sum
of squares (CSS) estimator of #. The proof of Theorem [l|is very similar and is not reported.
We do not assume Gaussianity of the data unlike most of the literature including Andrews
and Lieberman (2006). Let ~? denote asymptotic equivalence in weak law possibly in different

probability spaces. Formally, we wish to show that
VT(0* —0) ~ VT(6 — 6y).
The assumed model is of the form

o0
Y = E @/)i,eoﬁt—i
i=0
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which by Assumption [2] is invertible, so that

[o@)
Y = E KigoYt—i + €
=1

Without loss of generality, we set
Ki gy = %i,eoi_d(eo)_l

such that sup; &g, < oo and 0 < d(f) < 1/2. This implies that, for some ¥, g,, such that
sup; ¥ig, < 00,

7 .d(60)—1
%‘,90 = %‘,902 (80)

The parametric bootstrap we investigate is based on constructing bootstrap samples by either

0= a0,
1=0

or
t—1
A Ak
Yy = E :H’i,éyt—i + &
i=1

where € is an i.i.d. re-sample with replacement of €;, where & is the residual resulting from the

estimation giving . The C'SS estimator of 6 is given by

0 = arg min sp(0)

where

sr(0) =) el6)?

t=1

and
t—1
€t(‘9) =Yt — Z KioYt—i
i=1

Theorem 2 of Robinson (2006) shows that v/T(0—6,) has a normal probability law. We introduce

the following notation:

t—1
* *
Yy = § Vi 00 €

i=0

where € is an i.i.d. resample with replacement of ¢;. Define

T t—1
é*: in 8500 $5.(0) = A% 02 e (0) = F — Rt
arg min 7.(0),  87(0) Z( )2, &(0) =9, Zy
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and

0" = argminsy.(0), s7(0) =Y €(0), €(0) =y - wayt i

/e
t=1

% *

Let € = (€1,....,e7), € = (€,....,€r), € = (€],..,€%), y = (y1,...,yr), v* = (yi,...,y}) and
9" = (97, -..,95). Recall that P, denotes the probability law of a random vector = and d(P,,, P,,)
the Mallows metric between P,, and P,,. Finally, define a continuous function W¥(e; #) to describe

the mapping from e to y. Then, we have
d(P.,P+) — 0
But the fact that (3.7)-(3.9) of Robinson (2006) are o,(T~1/2), is sufficient for,
d(Pus, Ps) — 0 (16)

Then, by Lemma 8.5 of Bickel and Freeman (1981), using ¥ as a relevant function, it follows

from that
d(P,, Py) — 0

Then, it immediately follows that
VT (0" —0) ~ VT(6 — ).

and so V/T(0* — ) has an asymptotic Normal distribution. The result follows immediately by

noting that the I RWs are, by assumption, a continuous function of the model parameters.

Appendix E

This Appendix proves that the sieve bootstrap is valid for impulse response analysis based on
the estimation of an AR(pr) model. We use the results of Poskitt (2007) and Poskitt (2008). Let
#Pr) denote the pr x 1 vector of parameter estimates of the coefficients of an AR(pr) model fitted
to the original sample. Let #*®7) denote the same estimates obtained from a bootstrap sample
constructed using the sieve bootstrap. Let X**) = (T1,eeey Ty )y XPT) = (X;’;TJF)I, . XépT))’,
r = (Tppt1, .-, x7). Starred variables represent bootstrap versions of non-starred variables.
Then,

) = (X X(pT))*l X 1)y,
and

poer) — (X*,(pT)/X*,(pT))_l X PT) o *
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Let {A};; denote the 4, j-th element of a matrix A. We first need to determine the rate at which

/%g»p ) converges to k*T) and ﬁj(»p ) converges to wj(-p ™) By Theorem 5 of Poskitt (2007), we have
that
(T /24
i) — x®)|| = O, (pT ( n(T ))
Further,

1/2—d
Q/Afj(‘pT) _ w](pT) —= 0, <HK(19T)||2 H/%(Z?T) _ K’(pT)‘D =0, (p;/z (M) ) = O, (rr)

T

1/2—d
Define qr = (%) . The Theorem is proven if we show that

d (PqT()\/(,g(pT)f,g(pT)»a PqT()\/(,%*,(pT),,g(PT)))> — 0

where) is some, finite dimensional, selector vector and d(P,,, P,,) is the Mallows metric between

the probability measures, P, and P,,, of two random vectors y; and y,. We have that

2
d (PqT()\/(/%(PT)_H(PT)))7 PqT()\/(,g*,(pT)_,%(pﬂ))) <K [E* (HQT (’%*7(pT) - f%(pT)) H2>} <

B |:E* <H (X*,(pT)/X*,(pT))_l o (XPT’X(PT))_l

2)} E [E* (HQT (X*v(pT)/v*v(pT) _ X(pT)’U(pT)) Hzﬂ

Examining each of the two terms above we have
2
<

B [E* (H(X*v(PT)’X*v(PT))_l _ (X(PT)’X(PT))_l

pﬁ_,le [E* <HX*,(pT)/X*,(pT) _ X(pT)/X(pT)”Q)] <

ij

6 * () xs(er) L f x(pr) x(pr)
Py sup E[E (H{X pr)! X+ (P }ij {XPT/XPT}

)

1<4,j<pr
But
2
E E’* H X*7(pT)/X*,(pT) o X(pT)/X(pT) - >:| S
e ([ }y - (o),
B B (| (e emy,, — (oo, )]
Further,

E [E* <HX*,(pT)/U*,(pT) _ X(pT)/U(pT)”Q)] <pr sup E [E* (”{X*,(pT)/U*,(pT)} _ {X(PT)/U(pT)}'H2>:| <
1 (2 (2 -

<i<pr

p%E [E* <H{X*7(PT)’U*»(17T)}1 _ {X(pT)/,U(pT)}lH2>:|
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But by the proof of Theorem 4.1 of Poskitt (2008) we have that

1-2d
> [E* <H{X*7(pT)/X*,(pT)}11 _ {X(pT)/X(pT)}11||2>] =0 (p‘;/z (loiT) )

and

* * 1% / 2 5/2 lOgT e
E [E (H{X S(pT)1y, ,(pT)}1 _ {X(PT) U(pT)}lH ﬂ =0 | p/ =

Hence,

21/2 (logT 1-2d
d (PQT()\/(/%(PT)—H(PT)))v PqT(/\/(,g*,(pT)_,g(pT)))> =0 (pT (T) >

But since pr = O (log T*), it follows that

2la
].Og T T+1—2d

d (PqT(x(mpT)_H(pT))), PqT(X(,%*,<pT)_,%<pT>))) =0 (m ) = o(1)

proving that ¢r (X (f%*’(pT) — f%(pT))) has the same probability law as ¢r (X (f%(pT) — /i(pT))) and,

therefore, rp (&;’(m) — wj(p T)> has the same probability law as r¢ <w§p T) _ wj(pT))

7.1 Appendix F

In this Appendix we discuss the extension of the result on the validity of AR(pr) models and the
sieve bootstrap for impulse response analysis, to VAR(pr) models. We consider m-dimensional
multivariate stochastic processes of the form y, = Z;io Ve, ;,t = 1,...,T, where € is an
unobserved error term with finite variance 3, and ¥; is a sequence of m X m matrices of
constants. It is assumed that ¥; = O (j4!) for 0 < d < 0.5 as in Chung (2002). This
Z(;io v, ‘Il;
U(2) = 272, ¥;2/. We further assume that Y(2) = W l(2) exists for all |z| < 1 where
Y(z) = Z;’io Y ;z7. We wish to show that the approach of Section 2.4 can be used to provide

impulse response analysis for multivariate series. Of course, in multivariate impulse response

implies that ) < oo where ||.|| denotes the Euclidean matrix norm. We define

analysis the question of identification arises in the sense that one may wish to obtain responses

to a standardised shock with variance equal to the identity matrix rather than 3. In other
h

rather than {lIlj}h_l. Since X1/ is
j=1 7=

not unique, for a given X, one needs to provide further identifying assumptions and this is a

words, one may wish to provide estimates of {\I!]E)l/ 2}

topic that has received considerable attention in the literature for VAR models (see, for example,
Chapter 4 of Canova (2007) for a discussion of the literature). We abstract from this issue, which
can be handled in any of the ways discussed in the relevant literature, and focus on providing
estimates of {\Ilj}?zl. The mechanics of the extension of the approach of Section 2.4, to the

multivariate case is straightforward. The extension amounts to directly estimating by OLS' the
26



truncated vector autoregressive, VAR(pr), expansion y, = ?21 Tgp T)yt,j + v;. We denote the
least squares estimates of T§p ™) obtained by fitting an VAR(pr) model to the data, by ’i‘;pT).

The bootstrap extension is again straightforward by following the Algorithm preceding Theorem

R 2
6. We need to extend Theorem 5 of Poskitt (2007) to show that Y T, HT;pT) - T;pT) = 0,(1)
for all pr such that pr — oo and pr = o(T®) for all @ > 0. Further, for the bootstrap we need to

extend Theorem 6 to multivariate processes. Both extensions are straightforward. For both it is
sufficient to show that Theorem 1 of Poskitt (2007) extends to autocovariances of multivariate
processes. In particular we need to show that maxo<,<p, ||Cr (7) = T(7)]| = O ((%)1/2%),
where I'(7) = E (y,y,,,) and Cr (1) = %ZL Y,Yi,,. But the proof of Theorem 1 of Poskitt
(2007) proceeds in the multivariate case exactly as in the univariate case once we have the
result that E (||Cr (1) — T(7)||?) = O (T~2(~24). We need to prove this result which for the
univariate case is provided by Theorem 3 or 4 of Hosking (1996). But the multivariate version
of this result is provided by Corollary 1 of Chung (2002), thus proving the extension of our
univariate results to the multivariate case. A final note, needed here, concerns the extension of
to the multivariate case. But Theorem 4.1 of Inoue and Kasahara (2006) can be extended

to this case, with some tedious but straightforward algebra.
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Figure 3: Monte Carlo Results: Coverage Rates under Long Memory. Key: Solid Line (—)
represents Approach 1; Long Dashed Line (— — —) represents Approach 2; Dotted Line (. . .)
represents Approach 3; Short Dashed Line (- - -) represents Approach 4.
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Figure 4: Monte Carlo Results: Coverage Rates under Short Memory. Key: Solid Line (—)
represents Approach 1; Long Dashed Line (— — —) represents Approach 2; Dotted Line (. . .)
represents Approach 3; Short Dashed Line (- - -) represents Approach 4.

< = =
w - N
N 00 00 od o
@0 Eile! i)
o o o -
[ I I SN
.. " % & e
......- d© ~~~“~~—----~_-.:-':'a-— O“LO_ O»LO h
o© o© SO
~ N N
i i Q
b L~ L~
LS ES Yo
AN
~
\§
o o o e Ty
0 4 8 12 16 20 24 28 32 36 40 OO0 4 8 12 16 20 24 28 32 36 40 ©0 4 8 12 16 20 24 28 32 36 40 OO0 4 8 1216 20 24 28 32 36 40
Horizon Horizon Horizon Horizon
< < o
o u""*"”\"'~.,
K -
- - [0} o} 0
P T 5% 9 2 —
Seeeaad ? ? ? i TSR
i o o
< < <
ol gl =
go go i K go
! ! L
L < L < [~ ~\~_~
Lo LSS Yo e
N o N
0 4 8 12 16 20 24 28 32 36 40 ©0 4 B 12 16 20 24 28 32 36 40 ©0 4 B8 12 16 20 24 28 32 36 40 ©0 4 8 12 16 20 24 28 32 36 40
Horizon Horizon Horizon Horizon
< < <
aeeem—
W P R Sy
——eae, - -, R — o-0-%0d
——s-~-~~_:_-_..__”_ _ goq ,,~----------.:':m ggo_ ‘s ed g@
c® ok o
I | e T a1
o [a e [a g
< < <
o9 o © SR B Rl L P
oo So So S=e=T
o a o
Il Il Il
- - -
L L L
ro xo xo
N N o
0 4 B8 12 16 20 24 28 32 36 40 OO0 4 8 12 16 20 24 28 32 36 40 ©0 4 8 12 16 20 24 28 32 36 40 OO0 4 B 12 16 20 24 28 32 36 40

Horizon

Horizon

29

Horizon

Horizon



Table 1: Half-Life Estimates, 5% quantiles and 95% quantiles for CPI inflation and Real Ex-

change Rates

CPI Inflation

Country Half Life 5% quantile 95% quantile
UK 3.821 1.963 4.745
US 4.664 1.997 4.936
Switzerland 2.541 1.852 4.595
Sweden 1.733 1.615 1.895
Spain 1.956 1.731 2.821
South Africa 2.199 1.827 2.707
Portugal 1.916 1.726 2.427
Norway 1.862 1.691 3.154
New Zealand 1.635 1.536 1.752
Netherlands 1.988 1.756 4.029
Mexico 1.883 1.710 4.055
Malta 5.901 4.417 10.147
Luxemburg 1.762 1.626 1.920
South Korea 1.963 1.752 4.485
Japan 1.778 1.639 1.981
Ttaly 4.698 1.978 7.701
Greece 1.650 1.572 1.748
Germany 1.900 1.723 2.558
France 4.516 1.940 5.829
Finland 4.273 1.844 4.943
Denmark 1.602 1.511 1.711
Cyprus 1.557 1.485 1.635
Canada 4.054 1.817 4.396
Belgium 4.227 1.903 4.851
Austria 1.716 1.595 1.876
Australia 1.753 1.605 1.922

Real Exchange Rates

Country Half Life 5% quantile 95% quantile
UK 13.061 6.620 16.163
Switzerland 24.579 10.693 28.209
South Africa  21.575 6.964 26.238
Norway 23.114 6.970 25.438
New Zealand  10.997 7.413 13.444
Mexico 8.853 6.306 10.925
South Korea 34.692 8.327 40.500
Japan 16.613 9.441 35.228
Canada 24.164 12.797 30.083
Australia 15.776 8.274 21.956
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Figure 5: Empirical Results: Impulse Responses for CPI Inflation
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Figure 6: Empirical Results: Impulse Responses for Real Exchange Rates
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