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Abstract

We study the limit distribution of partial sums of nonstationary linear process
{X;,t =1,...,n} with long memory and changing memory parameter d;,, € (0,0).
Two classes of linear processes are investigated, namely, (I) the class of FARIMA-type
truncated moving averages with time-varying fractional integration parameter and (IT)
the class of time-varying fractionally integrated processes introduced in Philippe et
al. (2006, 2008). The cases of fast changing memory parameter (d;, = d; does not
depend on n) and slowly changing memory parameter (d; ,, = d(t/n) for some function
d(t),7 € [0,1]) are discussed. In the case of fast changing memory, the limit partial
sums process is a type II fractional Brownian motion (fBm) with the Hurst parameter
equal to the global maximum of (d;) for class (I) processes, and the mean value of (d;)
for class (II) processes. In the case of slowly changing memory, the limit of partial sums
for both classes (I) and (IT) is degenerated and “localized” at the global maximum of
the memory function d(-); however, a nondegenerate limit of the partial sums process

is shown to exist when time is suitably rescaled in the vicinity of the maximum point.
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1 Introduction

Let {X1,..., Xy} be a given sample from discrete time series { Xy, ¢ € Z}. The partial sums
process is usually defined as the process
[n7]
Sn(T) = Z Xy

t=1
indexed by 7 € [0, 1], where |a] is the largest integer less or equal to a € R. It is well-
known that the range and fluctuations of partial sums as n — oo can discriminate between
stationary and nonstationary behavior of the time series, characterize the intensity of long
memory, the presence of trends, change-points and other features of interest. Finding the
asymptotic distribution of partial sums is important for time series analysis and inference.
Examples and applications of partial sums limits can be found in the monograph Whitt
(2002).
An important class of stationary time series models form causal linear processes
Xi = thi-sGs, (1.1)
s<t

where 1,7 > 0 are moving average coefficients, Z?O:o w? < oo, and {(s} are standardized
uncorrelated random variables (weak white noise). It is well-known that every zero-mean
covariance stationary process {X;} with spectral density f(z) satisfying [" log f(x)dz >
—oo admits (Wold’s) representation (1.1). The covariance structure of (1.1) is determined
by the moving average coefficients, 1;,j > 0. In particular, if the 1;’s decay regularly as
§4=1 for some 0 < d < 1/2, the covariance function of {X;} in (1.1) is nonsummable (decays
as j24=1), meaning that (1.1) has long memory and d is called the long memory parameter of
{X:} (Giraitis et al. (2012)). In addition, if innovations {(s} are i.i.d.(0, 1), the normalized
partial sums process of {X;} in (1.1) tends to a fractional Brownian motion with Hurst
parameter H = d + 1/2, see Davydov (1970), also Giraitis et al. (2012, Proposition 4.4.4).

Various economic and physical time series indicate that the long memory parameter
in real data may change with time. The natural question arises to model changing long
memory and construct various inferential procedures for such models. Testing for a change
or nonconstancy in long memory parameter was discussed in Beran and Terrin (1996),
Horvath and Shao (1999), Sibbertsen and Kruse (2009), Yamaguchi (2011), Lavancier et al.
(2012) and other papers.

The present paper discusses partial sums’ limits of nonstationary linear processes {X;}
with changing memory intensity. Two classes of nonstationary “time-varying” general-
izations of (1.1) are discussed. The first class is obtained by taking a parametric class
{j(d),j =0,1,...,d € (0,00)} of moving average coeflicients such that for any d € (0, c0)

we have
Yi(d) ~ w( @)t (= 0) (1.2)



for some £(d) > 0, and replacing a constant value d by a function dy = d;,, of t € {1,...,n}

(possibly depending also on n), viz.,

t
Xt = Z?/)t—s(dt)gm = 17"')” (13)
s=1

with {(s, s € Z} being a sequence of martingale differences with zero mean and unit variance.
A typical example of the above parametric class is FARIMA(0, d, 0) corresponding to
d d+1 d—1+j I'(d+7)

1 2 j - F1T(d) (j=>1), Yo(d) = 1. (1.4)

Yi(d) =

The fact that the moving average representation in (1.3) is truncated at negative s <
0 is not very important for our discussion, provided d; € (0,1/2). However, truncated
FARIMA(0,d,0) series exist for all d € R and the limit of their partial sums (a type II
fractional Brownian motion) is well-defined for any d > —.5 (Marinucci and Robinson,
1999). Moreover, the truncation in (1.3) seems rather natural in the context of changing
d since otherwise the limit behavior of partial sums depends on the behavior of the d;’s
as t = —oo and not only on its values in the interval 1 < ¢ < n. See also Marinucci and
Robinson (1999) for econometric considerations in favor of the truncated series. Davidson
and Hashimzade (2009) discuss the differences between the distributions of type I and type I1
fractionally integrated processes and the importance to distinguish whether the pre-sample
shocks are included in the lag structure of the model, or suppressed, as this can lead to a
significant distortion of the limiting distribution.

The second class of time-varying linear processes with changing memory parameter was
defined in Philippe et al. (2006, 2008):

t t
Xta = Zat—s(t)CSa Xf = th—s(t)C& (1'5)
s=1 s=1

where
diy dyo+1 dp3+2 dij—1+7
. 1.6
di—y dij+1 diji1+2 dpo—1+] ‘ (16)
bj<t) = N . 5 . 3 . , j>1,
J

ag(t) = bo(t) := 1, are defined fort = 1,2,...,j =0,1,...,t—1 and a given sequence {d;} =
{di, t = 1,2,...} of real numbers. In the case when d; = d are constants, the coefficients
a;(t) and b;(t) in (1.6) coincide with FARIMA(0,d,0) coefficients in (1.4). Similarly to
(1.4), they satisfy the following orthogonality relations

n
Y ob(Ban—j(t—4§)=0, tn=12,..., n<t,
=0
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where b, (1) := (—1)j(d;1)]—[i;11(dt,k,1 —Jj+k), j > 1are defined as in (1.6) with {d;, t =
1,2,...} replaced by {—d;, t =1,2,...}.

Partial sums’ limits of time-varying fractionally integrated processes in (1.5) were dis-
cussed in Philippe et al. (2006, 2008), Bruzaité et al. (2007), Doukhan et al. (2007), La-
vancier et al. (2012), albeit most these papers focused on “nontruncated” versions of (1.5)
and “fast changing” memory parameter {d;} (see below). Before proceeding further, let us
note an important distinction between the filter coefficients v;(d;) and a;(t),b;(t) in (1.6)
(corresponding to the same sequence {d;}): when time changes ¢ — ¢ + 1, this evokes an
“Instantaneous” change 1;(d;) — ©j(d41) of all filter coefficients including the decay rate
as j — 0o, leading to an “instantaneous change” of the memory intensity of the series (1.3)
at the next time moment ¢ + 1. On the other hand, a similar change t — t 4+ 1 affects the
filter coefficients in (1.6) in a much lesser way and does not essentially alter their asymptotic
behavior as j — oo (see Sec. 2). These differences between filter coefficients are reflected in
a different asymptotic behavior of partial sums for models in (1.3) and in (1.5).

Let us describe the main results of the paper. For models in (1.3) and (1.5) with changing
memory parameter we study two characteristic situations of how fast a change occurs.
If the di’s for t = 1,...,n do not depend on n, we say that the corresponding series
{X¢,t = 1,...,n} has fast changing memory. On the other hand, if the d;’s have the
form d; = d(t/n) for t = 1,...,n where d(7),7 € [0,1] is a given function, we say that
{X,t =1,...,n} has slowly changing memory.

Sec. 2 discusses the case of fast changing memory. Theorem 4 states that if the sequence

{d:} admits a Cesaro mean

n
. _1
d:= nh_}n(lon ;dt € (0,00), (1.7)
and satisfies some additional technical conditions, then partial sums of X and X? in (1.5),

normalized by nd+1/ 2 tend to a multiple of the Gaussian process
T —
Ja(7) ::/ (r— o) W(dz), 7el0,1], (1.8)
0

where {W(dz),z € [0, 1]} is a standard Gaussian white noise with zero mean and variance
dz. The process in (1.8) represents the “rough part” of a fractional Brownian motion (fBm)
and is also called a type II fBm (Marinucci and Robinson, 1999). Theorem 4 below extends
some results in Philippe et al. (2006, 2008), Bruzaité et al. (2007), Doukhan et al. (2007)
and Lavancier et al. (2012).
Theorem 2 refers to model (1.3). In this case, the role of the asymptotic parameter d in
the previous theorem is played by
dy = limsup d; € (0,00). (1.9)

t—o0



We also assume that d; < dy, for all t € N* = {1,2,...}, and the existence of a properly
normalized limit of the tail empirical process of the sequence {d;}. In particular, these
assumptions are satisfied a.s. for a realization of an i.i.d. sequence {d;} of r.v.’s taking
values in an interval [d_,dy) C (0,1) and having a continuous and positive probability
density at di. We show that in a such case, the partial sums process of (1.3) converges
to Jgq, at a slower normalization nd++1/2 /logn. See Sec. 2 and Theorem 2 for precise
formulations and details.

Sec. 3 discusses the case of slowly changing memory parameter d; = d(t/n), according to a
given “memory function” d(7), 7 € [0, 1] taking values in the interval (0,1/2). It is clear that
in this case, the behavior and normalization of the partial sums process is determined by
the behavior of the function d(-) at the maximum point Ty := argmax(d(7) : 7 € [0, 1]).
In this paper we restrict ourselves to a model situation where the maximum is unique
and the function d(-) takes a power form in its neighborhood: d(Tmax = %) = dmax — (Ax +

o(1))u” (u ] 0) for some Ay > 0,7 > 0, Tmax € (0,1). Corollary 8 says that in such case, the
n dmax"'l/2

log/™ n)

Gaussian processes Z, taking constant values on intervals [0, Timax ) and (Tmax, 1] with possible

partial sums process of {X;} in (1.3), normalized by ( , tends to degenerated
discontinuities at Tnax + 0 having an explicit stochastic integral representation. However, if
time is rescaled by factor 10g1/ 7'n near the maximum point, the above partial sums process
exhibits a nondegenerate behavior, see Theorems 5 and 7, below. Similar inference holds
for the partial sums process of {X?} in (1.5) (see Corollary 8 (ii) and Theorem 7). The
above mentioned “localization” of the partial sums process near the maximum point d.x
implies that the truncation of the original series at negative s < 0 does not affect the limit
and therefore “stationarity” condition dpax < 1/2 is needed in this case (see also Remark 3
below).

The proofs of our results use the scheme of discrete stochastic integrals in Proposition 1
below (see Surgailis (2003)). It is a convenient application of the martingale central limit
theorem in Billingsley (1968, Theorem 23.1) for weighted sums of martingale differences.
See Bruzaité and Vaiciulis (2005) for an extension of this scheme to multivariate processes
and more general innovations satisfying the central limit theorem.

Let M D(0,1) denote the class of all standardized stationary and ergodic martingale
differences {(s,s € Z}, ie., EC2 = 1, E[(s|Fs—1] = 0 for any s € Z, where {Fs,s € Z}
is a nondecreasing family of o—fields. Let be given {0 < m,, — oco,n € N*}  a sequence
of positive numbers tending to infinity, and {p, € Z,n € N*}, an arbitrary sequence of
integers.

Introduce a discrete stochastic measure 7, on R: for any bounded Borel set B C R, let

mm(B) = m;Y% > o, (1.10)

SEZ:s/mnEB

Observe, for any B = (by,by] C R, En2(B) ~ by—b; = leb(B). From the above mentioned



central limit theorem in Billingsley (1968, Theorem 23.1) it follows that for any finite union
B of disjoint finite intervals, n,(B) —aw 1(B), where 7 is a Gaussian white noise with zero
mean and variance E(n(du))? = du.

Let L2 (R) be the class of all piecewise-constant functions g € L?(R) taking constant values
gs on intervals (s/my, (s +1)/m,] C R, s € Z. A discrete stochastic integral [ g(u)n,(du)
is defined for such g € L2(R) by

/ g(u)nn (du) = mﬁlﬂ Z s Cerpn .

SEZL

Proposition 1 Let {(;} € MD(0,1) be a sequence of martingale differences and let g™ e

L2(R), n=1,2,... be a sequence of functions convergent to g € L*(R), viz.
lim [g™ —g] = o0, (1.11)
n—oo

where ||g||> = [ g*(u)du. Then

/ 0 () (At) 1y / g(uyn(du) ~ N, [lg]?)-

Notation. In what follows, —po 1], = p(r), €tc., denote the weak convergence of random
elements in the Skorokhod spaces D|0, 1], D(R), etc., of cadlag functions, with the sup-
topology. The weak convergence of finite-dimensional distributions is denoted by —¢4.4..
Notation C' stands for a constant whose precise value is unimportant and which may change

from line to line.

2 Partial sums limits under fast changing memory

Consider first the case of nonstationary long memory linear process in (1.3). Let v, :=
log_l/2 n, n > 2.

Assumption (A.1) There exists 0 < dy < oo such that d; < d4 for any ¢t = 1,2,... and
relation (1.9) holds, viz., d+ = limsup,_,, d;. Moreover, there exist 5 € (0,1/2) and ¢ > 0
such that

sup ’@n(x)’ = O(n %), n— oo, (2.1)
z€]0,1]
where
D, (x) := L " (1(dy — zvn < dp < dy) — cpavy), x € [0,1]. (2.2)
nup

Remark 1 As noted in the Introduction, a natural example of a sequence {d;} satisfying
Assumption (A.1) is a typical realization of a sequence of stationary r.v.’s taking values in

the interval (0,d). In such case, assuming the uniform marginal distribution on (0,d;)



and ¢y = 1/dy, the process ®,, in (2.2) with general v,, — 0, nv,, — oo has zero mean and is
called the (centered) tail empirical process. In addition, if {d;} are i.i.d. and v, = log™"/?n
as above, then (2.1) holds a.s. with any 0 < 8 < 1/2 (Mason (1988)). The last result is also
valid under certain dependence conditions on {d;}. See Csorgé and Horvéath (1993), Drees

(2002), Kulik and Soulier (2011).

Theorem 2 Let {X;} be the linear process in (1.3), where {(s} € MD(0,1), {d;} satisfy
Assumption (A.1) and 1;(d) satisfy the following conditions:

¥;(d) ,
()T — 1, as j - oo and d— dy, (2.3)
and
Wi ()] < CGH+1)T,  Vde(0,00),Vj >0, (24)

where C > 0 is independent of d,j. Then

logn

cik(dy)
ndit1/2

Sp(T) —D,1] €1 Ja, (1), where c;:= y
+

and where Jq, is a type II fBm in (1.8).

Proof of Theorem 2. We shall restrict the proof of finite dimensional convergence in (2.5)
to one-dimensional convergence at 7 = 1 since the general case follows analogously. To this

end, using Proposition 1, it suffices to prove the convergence

logn

g(n)(z = nd+ Z (. anj dt
t=|zn]
1
= wder [ -y = @l -2t = () (26)

in L2[0,1]. Split g™ (z) = g%n)(z) + gén)(z), where

n lOgTL n n n
qe) = S i @1 0 < de <), 97 (2) = g () — 6.
t=|zn|

From (2.4) we obtain

n Clogn <= —Up—
’gg )(z)| < R Z (t—|zn] + 1)d+ n—1
t=|zn]
Clogn 4 .,
< oA " "
S CeIOgIOgn_U'rL logn — 0(1) (2.7)



uniformly in z € [0, 1]. Consequently, it remains to show (2.6) for gin) (z) instead of ¢(™ (2).
Consider first the above convergence for 1;(d) = ¥;(d) := #(d+)(j + 1)1, ie.,
n
i) = W;f;og” STt L] F DI N(dy v <dp < dy),  (28)

t=|zn|

or the main term according to the asymptotics in (1.2). To this end, rewrite gi”)(z) =
hn(2) + en(2), where

(ds)1
ho(z) = Crfildi)logn Z / (t—|zn) + D) e, en(2) = Gui(2) — hn(2).

o opdy
t=|zn|

We shall prove that
en(2) — 0 and h,(2) — g(z) in L?[0,1]. (2.9)

Let us check first that h,(z) is bounded on (0, 1) uniformly in n. Indeed, let k = n—|nz|+1
and let z be such that k£ > 2 (the case k = 1 is obvious). Then

Clogn [" 4. _
< +—
hn(z) < e /0 k dz

= o(B)trisn oy

n log k
d
< C(E) +logn <
n log k

since d; > 0 and z — x% /log x is monotone increasing on [z, 00), zg = e'/4+. Next, for
any 0 < z < 1 fixed, using the fact that (sn — |zn] +1)7"» — 0 for any fixed s € (z,1), we
obtain

c+k(dy)logn

ha(z2) = o(1) + > (t—LGj+1)d+—1/v"(t—LGj+1>—xdx

nd+

t=|zn|+1 0
= o(1) + cyn(dy) Zn: ot _lofzzj =y G LG;jdf DY = Lan) 1)
t=|zn]+1
~ cyr(dy) /Zl og(on l—og{:nJ =y (sn — L;Z{j D (1—(sn—[zn] +1)7"")ds
~ cpr(dy) /Olz logrlzo—%—lga; e de
~ 20 ot~ (e,

This proves the second relation in (2.9).

")



Next, let us estimate the remainder term, e, (z), using condition (2.1). To simplify the

notation, assume that x(d;) = 1. We first rewrite e, (z) as

1 n
en(z) = Ogﬁ Z Ont(z), where
" t=|zn|
1
Oni(z) = (t—|zn)+ D" (dy —v, < dp < dy) — c+vn/ (t — |zn] + 1) —von=1qy,
0
Introduce
1 &
D, (x;t) := v Z(l(d+ —vpr < dp <dy)—cpvpz), x€[0,1], t=1,...,n.

k=1

Note that ®,(x;t) = %@t(ﬂ) and therefore uniformly in n > 2

Ut

sup ‘@n(x;t)‘ < ot7P, (2.10)
z€]0,1]

according to (2.1) and the fact that nv,, increases with n. Moreover,

C
sup |®p(z;t) — Oyt + 1)) < —, t=1,...,n— 1L (2.11)
z€[0,1] nup

Observe (t— |zn| + )% 11(dy — v, < dy < dy) = [y (t — [2n] + 1) B ¥~ 1d,1(dy —yo, <
dy < dy). Therefore integrating by parts we obtain

)

1
Oni(2) = nvn/o (t = Len] + D)Moy [ @4y t) — @aly;t — 1)] = 0,,(2) + 6, 4(2),

where
Oh(2) = nug(t = Lzn) + DT @u(11) — (158 - 1)),
1
00 (z) = wvylog(t—|en]+ 1)/0 (t — |zn] + 1)Hvn LD, (y;t) — D, (y;t — 1)]dy.

Using (2.11) and (2.7), we obtain

logn| < Clogn — o
()l = ER S H;M(z)‘ < g > (i L)yt
t=|zn| t=|zn|
Clogn v logn
< nd+ nd+ "= O( nYn ) = 0(1)7 (212)

uniformly in 0 < z < 1.

Next, we estimate el (z) := 1;% Dot |on| Ont(2). Split ey (2) = €51 (2) + eps(2), where

|_znj+|_n1”6vnj n
logn logn
6;;1(2) = nd+ Z 9;1/775(2), ex2(z) = nd+ Z 97,1/,75(2)
t=|zn| t=|zn]+|n1=Bv,|+1



Using (2.11), we estimate

Clogn Len)+ [0 =Ovn) 1 _
‘€Z1(2)| S n‘f Z Un log(t — \_Z’I’LJ —+ 1)/ (t _ LGJ + 1)d+_y1}n—1dy
t=|zn] 0
\_nI’BUnJ 1
Clogn I
s=1
C1
< =B (' Pu) " = O((van )" logn) = o(1) (2.13)
uniformly in z € (0,1), since 8 > 0, d+ > 0 and v,, = 10g—1/2 n.

To estimate €//,(z), we sum by parts over ¢ and then write

1
ena(2) = % v (tn1(2) + tn2(2)), (2.14)
where

1 t=n
n = vy, log(t — 1 t— v, (y: t)d ,
wa(2) = v log(t — [n] + )/0( o] + 1) s

n—1 1
n2(z) = Z fun/ [(t = [2n] + 1) v n"Log(t — |zn] + 1)
0

t=|zn]+|n1=Bv, ]
—(t+ |zn] +2)H v Log(t — |2n] + 2)]<I>n(y; t)dy

and where we use the notation g(t)[/=% := g(b) — g(a).

Using (2.10) we obtain

lin1(2)] < C(n—|zn] + 1)1 = (n—|zn] +1)7")n "
+ C(n'Pop ) + DB HL = (n = [0 Pon) + 1)7) (Lan] + [n'Po,)) P
< C(nz) P(nt=Pu,)d+ L. (2.15)

Next, using (2.10) and 2% 1 — (z + 1)471 < 2972 |29 logz — (z + 1)? L log(x + 1)| <
Cxz%2log x, for x > 2, we obtain

n—1 1
()l < € Y0t unlog(t— [en) + 1) / (t— |zn) + 1)t 02y
t=|zn]+|n1=Bv, ] 0

n—1

< C(lzn) +1)77° > (t — |zn] +1)%2
t=|zn|+|nt=Pu, |

(n*=Pu,)+=1 if 0<dy <1,
C(nz)™"? logn if dy=1, (2.16)

nd+—1, if dp>1.

IN
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From (2.13), (2.14), (2.15), (2.16) we obtain

len(2)] < Ce(n)2"7, (2.17)

where €(n) := (Z—g)d“\l log?n — 0 does not depend on z € (0,1). Clearly, (2.12) and (2.17)
imply the first convergence (2.9) in view of the fact that 0 < 8 < 1/2. This proves (2.9)
and the convergence in (2.6) for g(™(z) replaced by §§n)(z) in (2.8).

To complete the proof of (2.6), it remains to prove that u,(z) := gin)(z) — an) (2) = 0in

L?[0,1]. We have

logn

un(z) = S (W oy (de) = R(@)(E = |2n] + D5 YU — v < dy < d):

dy
n t=|zn|

From the discussion above, it follows the dominating bound | §§n)(z)\ < g(z), where g(z) :=
Cz? belongs to L?[0,1]. In view of (2.4), a similar bound holds for |g§n)(z)| and hence for
|un(2)| as well. Consequently, it suffices to show that u,(z) — 0 for a.e. z € (0,1). The
last fact can be proved using condition (2.3) and a standard argument using the dominated

convergence theorem. This ends the proof of Theorem 2. U

Next, we discuss the case of time-varying fractionally integrated processes in (1.5). Fol-

lowing Bruzaité et al. (2007) we introduce the following definitions.

Definition 3 A bounded sequence {dy,t = 1,2,...} of real numbers will be called:

(i) Averageable at +oo if the following limit exists

s+n
' RT 1 . .
d:= nh_)rlgon kg di,  uniformly in s > 1. (2.18)

(ii) Almost periodic at +oco if for each € > 0 there exist ke > 0 and a periodic sequence
{d§, t € Z} such that sup;sy, |di — df| < e.

The limit d in (2.18) will be called the mean value of {d;}. Denote A(+00) and AP (+0o0)
the classes of all sequences {d;} that are averageable at +oo and almost periodic at +oo, re-
spectively. Then AP(+00) C A(+00) but the converse implication is not true (see Bruzaitée
et al. (2007)). Clearly any asymptotic sequence (i.e. having a finite limit do, := limy_,o d;)
belongs to the class AP (+00) and hence to A(+oc), with d = d. As noted in Bruzaité
et al. (2007, Remark 2.6), the class AP(+00) is closed under algebraic operations, shifts
and uniform limits. By easy observation, the last fact holds for the class of asymptotic

sequences, t0o0.

Assumption (A.2) M C A(+00) is a class which is closed under algebraic operations,

shifts, and uniform limits.
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Assumption (A.3) Assume {d;} € M, d; ¢ {0,—1,-2,...} for any t = 1,2,.... More-
over, let there exist C,d > 0 such that for any s > 1

‘n_lz(dk —a?)‘ < Cn~°.
k=s

With a given sequence {d;} € M we associate sequences {q,(t)} € M, {g(t)} € M by

Denote
[nT] |nT]

ZXt, S (r ZXt, e [0,1].

Theorem 4 Let { X}, {X?} be time-varying fractionally integrated processes in (1.5) with
innovations {(s} € MD(0,1). Assume that M and {d:} € M satisfy Assumptions (A.2)
and (A.3), and that d € (0,00). Then

n~258(r) —ppy e J(r),

n~28h () sy e Ja(r),

where Jj is a type II fBm in (1.8), and the asymptotic constants ca := Go/T(d), cp =

are written 1n terms o € mean values q?,?, 1 o € averageaovie a —+00
@)\ itten, in t th l 2.d of th ble at

sequences {qq(t)}, {q2 (t)}, {ds}, respectively.

The proof of Theorem 4 follows from Bruzaité et al. (2007, proofs of Theorems 3.3, 3.4).
Let us note that the restriction d € (0,1/2) in the above mentioned paper is due to the fact
that Bruzaité et al. (2007) discuss the case of infinite (nontruncated) moving averages of

the type (1.5), in which case stronger conditions on {d;} are needed.

Remark 2 The averaging property in (2.18) is quite strong and is not satisfied e.g. by
a typical realization of i.i.d. sequence {d;} (with d = Ed;), a.s., unless this sequence is
constant. On the other hand, Doukhan et al. (2007) proved unconditional convergence to
a type I fBm of partial sums of (nontruncated) moving averages of (1.5) with i.i.d. {d;}.
The question remains open if it is possible to weaken the uniformity condition in (2.18) and
replace it by the existence of a (simple) Cesaro mean in (1.7) so that Theorem 4 can be
extended to a typical realization of an i.i.d. sequence {d;}, independent of innovations {(s},

and the a.s. conditional convergence of the partial sums in DJ0, 1].
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3 Partial sums limits under slowly changing memory

In this section we discuss the partial sums process of linear sequences in (1.3) and (1.5)
with slowly changing memory parameter d; = d(t/n), where d(7), 7 € [0,1] is a given
function having a unique supremum dpmax = d(Tmax) € (0,1/2) at some point Tmax € (0,1).
This, clearly, implies that for any e > 0 satisfying (Tmax — €, Tmax + €) C [0, 1] there exists
0 = d(€) > 0 such that

d(7_> < dnlax - 57 T ¢ (Tmax — €, Tmax + 5)- (31)
Precise conditions on d(-) are given in Assumption (A.4) below.

Assumption (A.4) The function d: [0,1] — (0,1/2) is a measurable function having a
unique supremum d(Tmax) =: dmax € (0,1/2) at some point Tyax € (0,1). Moreover, for
some v > 0, there exist the limits
liﬁ)l w7 (d(Tmax) — d(Tmax £ u)) =: Ay > 0. (3.2)
Uu.
Theorem 5 Let d(-) satisfy Assumption (A.4) and the innovations {(s} € M D(0,1). Let
{X:} be the linear process in (1.3), where 1;(d) satisfy conditions (2.4) and (2.3) of Theorem
2, with d4 replaced by dmax. Then

logl/’yn drl\ax+1/2 T
( n ) Sn (Tmax + 10g1/7n> —D(R) U(T)7 (33)
where the limit process
Ur) = k(dmax) / n(du) / (v — u)dmx"lem B dy, reR (3.4)

is well-defined as a stochastic integral with respect to a Gaussian white noise n(du) on the

real line, with zero mean and variance E(n(du))? = du.

Note that, if Ay = A_ =0, then the increment process

U(r) — U(0) = F{max) / 7 (= ) — ()t )p(du), T R

dmax —00
is well-defined as well and coincides with a type I fBm with Hurst parameter H = dpax+1/2

and stationary increments.

Remark 3 Condition dpmax < 1/2 is necessary for the existence of (3.4). Indeed,

o u 2
EU?(0) = /<;2(dmax)/ (/ (u—v)dma"_le_A*mdv> du
0 0

C /100 (/Ol(u - v)dma"_ldv)2du

= C’/ ((u—l)d“‘a"—udma")Qdu = 00
1

v

for dmax > 1/2.
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Proposition 6 Let v > 0, Ay > 0, A_ > 0. Then {U(7),7 € R} in (3.4) has a sample

continuous version and finite a.s. limits im,;_,1 oo U(7) =: U(£00),U(—00) = 0.

Proof. Let ¢ := min(Ay,A_) > 0 and let
u(B) = [ (1] <1+ 1 (fa] > 1) da
B

be a finite measure on the real line. Denote u(B) =: p(a,b) in the case B = (a,b]. Note
that for any ¢,y >0 and any 0 < a <b

b
/ e " dz < u(a,b), e [(b—a) A1] < e*u(a,b). (3.5)

The first inequality in (3.5) is obvious. Let us check the second one. It suffices to consider
the case a < b < a + 1 only since the Lh.s. of this inequality does not depend on b for
b>a+1. Let v:=b—a € [0,1]. Then the second inequality in (3.5) becomes

a+v
ve=@" < e2°/ (1(0 <z<l)4e M1z > 1))d$- (3.6)
a

The above inequality is obvious for a + v < 1. Let a +v > 1. Then (3.6) follows from
e~c” < g2epmclate)™ o (a +v)" <24 a7. Let v < 1, then the last inequality holds by
(a+v)? <a’+vY < a¥+1,since v € [0,1]. Next, let v > 1, then (a+v)"" =a+v < a¥+2
ifa>1and a+v<2<2+a" for a € [0,1]. This proves (3.6) and (3.5), too.

According to the Kolmogorov moment criterion, it suffices to show that there exists a

constant C' < oo such that for any —oco < 1 < 15 <
E(U(r2) —U(m))* < C(u(ry, m))"H20max, (3.7)

It suffices to show (3.7) for 7; > 0 (¢ = 1,2) and 7; < 0 (2 = 1, 2) separately. Let us assume
0 <7 < 72 in the rest of the proof. According to the definition in (3.4), the left-hand side
of (3.7) does not exceed CI(11,72), where

2
P
e — —cv?
fm) = [{ [ w-wteeeat a
1
T2 T2
I B | _ —
= / / e @ie C”zdvldvg/(vl —u)ff_ma" 1(7)2 —u)i‘“‘”‘ Ldu
1 1 R
T2 T2
—ev? —end _
= Cdmax/ / e Cvle Cv2|U1 _U2|2dmax 1dU1dU2
o Jn

= Cdmax (I]- + ‘[2)7

where Cy_ . = B(dmax, 1 — 2dmax) and

max

T2 T2
L o= / / e_cﬂe_w;\vl — wg|Hmax=1q |y — wy| > 1)dvyduy
T1 T1

< (u(m,72))* < C(u(ry, 72) )t 20me

14



according to the first inequality in (3.5). Next,
T2 T2 2 24
I, = / / e PieT 2 |U1 — 1)2’2dmax711(‘1)1 — ’U2| < 1)d1)1d1)2
T1 T1

T2 T2
< e [ [T e o — Pt o — ] < Do,
T1 T1

e—c7'1W T2 N
= / e (1 A (14 v) — v)2dmaxdy

dmax 1

1 2
< (72 — 71) A 1]2d"‘a"e_w;/ / e dv
dmax 1
1
< gl m)) M,
max
where we used (3.5). This proves (3.7) and the proposition. O

Proof of Theorem 5. We shall restrict the proof of finite-dimensional convergence in (3.3)
to one-dimensional convergence at 7 > 0. The proof uses Proposition 1 with

n
Dn = LnTmaXJ- (38)

My, = 710g1/’yn’

Accordingly, we need, firstly, to write the Lh.s. of (3.3) as a discrete stochastic integral
[ Ry (u; 7Yy (dw) with m,(du) given in (1.10) and some integrand h,(-;7) € L2Z(R) and,
secondly, to verify (1.11) for g = h,,(;7) and g = h(-;7) as defined in (3.4), viz.

h(u;T) = fi(dmax)/ (v — w)dmax—le=Bsanw V1" gy,

u

It is easy to see that for sufficiently large n

(log;/v n)dmaxﬂ/zsn(TmannglT/%l) :/hn(U; 7)1 (du)

with

\_n(Tmax +7 nn )J —bp

n

i) = gt S e (a(PE)), i we (2,2

Mp  Mn

=S

and Szl_pn72_pn7-~’Ln(Tmax+T%)J — Pn,
n

hn(u; T) := 0 otherwise and n,, (-5, ££1]) = m;1/2C5+p,L.

Mp’ Mp

It is convenient to split Sy (Tmax + loglﬁ) = Sp(Tmax) + [Sn (Tmax + W) — Sp(Tmax)]

and, correspondingly,
[ s Pyt = [ (a0l + [ 1 sy,
where h (u;0) := hy,(u;0), bt (u;7) == hy(u;7) — hy, (u;0). Hence, (1.11) follows from

lim A, (-:0) =2~ (50)] = 0, lim [t (557) = hT(57)|| = 0, (3.9)

n—oo n—o0
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where h™ (u;0) := h(u;0), ht(u;7) := h(u;7) — h(u;0). We have

(logl/7 n)dmaX“/Q [Sn (Tmax + L) — Sn(Tmax):|

n log1/7 7

[n(Tmax+772) ] [n(Tmax+772) ]
=tz N { > ws(d(t/n))}cs = / It (u; 7Y (du)

s=1 t=(|nTmax|+1)Vs
with
\_n(Tmax'i‘T% )J —p

) = it 3 (o) e ()

m m
t=1Vs n n

and Szl_pn72_pn7-'-,Ln(Tmax‘f‘T%)J — Pn,
n
and b (u;7) := 0 otherwise. To prove the second relation in (3.9), note that by (3.2)
d(TmaX + U) - dmax - A—&—u’y(l + €1 (U)),

where €1 (u) vanishes as u | 0, so that

d(m) _ d(Tmax+ t + [nTmax ] —nTmaX> P A+<%)7(1 Fetn), (310

n n
where €9(t,n) is some vanishing function as ¢/n | 0, n — 0. Since s = [um,| — 1 we can

rewrite Al (u;7) as

[t ™ 22) |~

hi(uir) = my, % Z VYt [uma]+1 (d(t—;pn»

t=1V([umn]-1)

s
X 1( — pn < umy, < [n<Tnlax +7_7>J _pn>

= () + (hf (us7) = Bt (u 7)), (3.11)

where

[ (Tmax+7 %) | —pn
iﬁ{(u, T) = g dmex Z m(d(t —HUn)) (t — [umn] + l)d(“f%)
=1V ([umn]—1) "

mn
X 1(—pn < um, < {n(TmaX+T7)J —pn).
n

We will show next that for any fixed v < 7

(u;m) = k(dmax) / (v — w)tmax—l g =B+ qy (3.12)

VO

and
1Bl (57) = Bt ()| = 0. (3.13)

16



The convergence (3.13) follows from assumptions (2.3)—(2.4) and a standard argument

using the dominated convergence theorem. To prove (3.12), rewrite

_ Ln(Tmax“FT% )J —Pn
ht(ur) = > D (OB () (¢ w),

t=1V([umy]-1)

where
L+ pn
(1) — L bn
W0 = o))
, (¢ = [uma] + 1
1/),'(7( )(t7 'U,) = dmax ’
mn
d(t+lﬂn
G)(fy) o E[ump] +1)% _ ” M|
) = T Tuma] & 1 1= pn < wmn < [0t 70 ) | =),
Below we show that for any fixed u > 0, uniformly in ¢ € {[umy],. .., [7(Tmax +772)] —

pn}, the following relations hold:

P (1) = K(dmax), (3.14)
and
dmaxil
@t ~ (-~ )™ L O~ e s cuz). (315)
My, my,

Relations (3.14)—(3.15) imply that for any u > 0

Lrmn ]
T (u: b et A GEy
h;‘;(u, 7) ~  K(dmax) Z ( u) o +

m
t=[umn|—1 "

:
() [ (0=t e S,
u

i.e. (3.12) holds.
Relation in (3.14) follows from (3.10), by noting that

t\7 1 t \7
R(dmax — A+ (5) (1 + Eg(t, n))) = H<dmax - A+ logn (m7> (1 + 62(t7 n)))
—  K(dmax)
uniformly for ¢ € {[umy], ..., [7(Tmax +7%2)] — Pn}-

The first relation in (3.15) is obvious. To prove the second relation, rewrite

(t — [umy,] +1)d(t+§n o {<d(t+pn> 4 )10 (t — [um 1+1)}
(t_ [Umn—| —|—1)dmax - p n max g n
- logmn—l—log%
_ exp{—A+ ) (1+ ea(t, n)) T }

(
- exp{—A+<

) (1 +ealt,m)( +es(t.n) .

t
My
t
My
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where both €3(t,n), €3(¢,n) vanish uniformly for ¢t € {[um,],..., [n(Tmax + 7%2)] — pn}.
The convergence in L?(R), or the second relation in (3.9), follows easily from (3.11),
relations (3.12)—(3.13) and the boundedness of «(-).
Let us prove the first relation in (3.9). We have

\_nTlnaxJ I_nTmaxJ

A S, (1) = 2SS (/) = [ i us0) (),

s=1 t=s

where

) = 3 (i(R)), o e (220

my Mp

and s=1—pn,2—pp,...,0

and h,, (u;0) := 0 otherwise. Similarly to (3.10) we have

d(Hp”) - dmaX—A_<%>’y(1+64(t,n)) for t=0,-1,

n

where €4(t,n) vanishes as |t|/n | 0, n — 0. Hence, similarly to (3.16) we obtain the
pointwise convergence
0 vy
by, (u;0)  — Fc(dmax)/ (v —u)te—le 21 dy = B (u;0)
u

for any u < 0. Moreover, the above mentioned convergence is uniform on any compact
interval u € [—-K,0]. To prove the first relation in (3.9), it suffices to show that for any
€ > 0 one can find K > 0 and ng such that

-K
JKm = / (hr, (u;0))%du < ¢, Vn > ng. (3.16)

Using (2.4) and the definition of h, (u), we have that for all sufficiently large n

K

Jrkn = mﬁ2dmx Z <Z?/)t s( (t+pn>>>2[w_ 1(7;”<u§8n;l—nl>du
t=s

—pn<s<—Kmp

IN

According to Assumption (A.4),

R )
" dmax — 6(€), —pn <t < —én,
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for some 0 < A < A_, sufficiently small € > 0 and sufficiently large n. Therefore,

2
hem ot £ (545 Yo

—pn<s<—Kmy, —pn<t<—en —en<t<0

C(Jkm + Tin);

IN

where
2

G = w5 (O sy )

—pn<s<—Kmy ~—pp<t<—é€n

2
[t]
Tiep o= my 2wl 3" N (s 1)t AT (> s)> .

—pn<s<—Km, ~—en<t<0

Clearly, since 0 < §(€) < dmax,

2
J}(,n S mT:Qdmax*l Z < Z (t_8+1)dmax5(€)1> ,

—n<s<0 *s<t<0

<
s=0
< Onfmy,) 2wt =20@) = o(1).
Next,
[t] 2
J}Q7n S m;Qdmax—l Z < Z (t — s + 1)dmax_A(n)Py—1>
—n<s<—Km, s<t<0

- (G e Al )

my My,
Kmnp+1<s<n-+1 0<t<s

Split the last inner sum into two sums according to whether s —t > m, or 1 <s—t < m,

holds and denote the corresponding terms by I7 , and If, so that Jg < C(I, +I% ).

Since % > 1/2 for all n large enough, we obtain that

/ - ° dmax—1,— A7 1) 2
I, < ds( (s —t)imax"" e 2 dt>
K 0

<[ ALY LA
= / / e 27"e 2 ZgK(tl,tg)dtldtQ,
o Jo
where

o0
gK(t].u t2) = / (S — tl)dmax—l(s — tz)dmax—lds
KVt Vty

IA

o0
/ (5 —t1 Vtg)?Mmax—2ds 5 0 as K — oo
KVt1Vio
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for any t1,t2 > 0 fixed, and gx(t1,t2) < Clt; — to|?dmax—1 =: g(ty,t9), t1 # t3, where
fooo fooo —3 A e 308 g(t1,t2)dt;dte < co. Therefore, by the dominated convergence theo-
rem, [, — 0 (K — o0) umformly in n.

Consider I }’(n Since t7 > - for s —t < my and s > Km,, with K large enough, so

n+1

2
I}/(J.L S m;Qdmax_l Z ( Z (5 _ t)dmax—l—éA(fl)’Y>

s=Kmnp s—mp<t<s

n+1 sy
=21 2= A

s=Kmnp

IN

n+1

— § : e~ n”logmn

s=Kmn
n+1

— Z e

s=Kmn

< C/ e 22 dy — 0 (K — o0)
K

logn

uniformly in n for all n large enough. This proves (3.16), (3.9) and the finite-dimensional
convergence in (3.3).
To prove the tightness in (3.3), we shall verify the Kolmogorov criterion: there exists a

constant C' > 0 such that for any —oco < 71 < 79 < 00

72

B[ (e 4 ) e

cf. (3.7).

Let g, (71, m2) denote the left hand side of (3.17). Then g, (71, 72) = thtﬁ;r;it::.z:ﬂmnﬁﬁl
p(t1,t2), where p(ti,t2) := > ooy ¥t —s(de, )t,—s(ds,) is the covariance function of {X;}
n (1.3), with the convention ¢:_s(d¢) := 0 (s > t). Using (2.4), we obtain |p(t1,t2)| <
C(|tg —ta| +1)2dmax—1 and therefore (3.17) easily follows. This ends the proof of Theorem 5.

O

IA

Cm711+2dmax (7-2 _ 7-1)1+2dmax , (317)

Next, we discuss the case of time-varying fractionally integrated process {X#} in (1.5).
We shall need to strengthen Assumption (A.4) with the following condition: there exist a
constant C' < oo and € > 0 such that for any 0 < ui,us < €

|d(Tmax + 11) — d(Tmax £ u2)| < Clug — ug|(u] ™" +ud ™). (3.18)

Note that condition (3.18) is satisfied if d(+) is differentiable in a neighborhood of Tayx, with
exception of the point 7 = 7y, itself, and the derivative satisfies |d'(7)| < C|7—Timax|?"!. In
particular, condition (3.18) is satisfied by the function d(7 +u) = dyax — Axu”, u, Ay > 0.
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Theorem 7 Letd(r), T € [0, 1] satisfy Assumption (A.4) and condition (3.18). Let {X{} be
a time-varying fractionally integrated processes in (1.5) corresponding to the slowly chang-
ing memory parameter dy = d(t/n) and martingale difference innovations as in Theorem
5. Then the statement (3.3) of Theorem & holds with S,, replaced by Sft and K(dmax) =

1/T(dmax)-
Proof. For dy = d(t/n), the coefficients a;—s(t), bs—s(t) in (1.6) can be rewritten as

() A4 A 42 A1
1 2 3 t—s '

Let ¢;—s(d) be FARIMA(0,d,0) coefficients in (1.4). Then

At_g (t) =

t d(%) d(%)—i—l d(%)—l—i—t—s
”‘p’”(d(*)) -1 2 t—s , s<t
Consider the ratio
ar—s(t) <t

bes(d(D) C7

Let my,, p,, be defined as in (3.8). We shall prove that for any ¢, s in a O(m,,)—"neighborhood”

0% t,s) =

of pp, = | nTmax| the above ratio tends to 1: for any K < oo

sup |©%t,s) —1] — 0, (3.19)

t,sEMnyK
where M, g = {(t,s) : [t — pn| < Kmy,|s —pp| < Km,,,s < t}. We shall also need the

following dominating bound:

sup |0%(t,s)| < C. (3.20)

|t—pn| <Kmp,1<s<t

Consider (3.19). We have

t—1 d(EY = d(t
0% t,s) = H(l—l-/\gk)a g,k: = d(t()n_i)_t_(]:zl'

k=s
From Assumption (A.4) and condition (3.18) we have that for all sufficiently large n and
any p, < s <t < p, + Km,, it holds

t—1
o n) — ()|
;'At»k = Z1+|t— k—1]

e (=)™ 4 (= pa)” (k)

< Y
= Z 14|t —k—1]

pn+Kmn
< oY (=) T+ (E—pa) Y

k=pn+1

m Y
< ol il — . .
< CK ( - ) o(1) (3.21)
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Note the last bound applies for any v > 0. Similar argument leads to the same bound for
the sum Z |>\ | in the case pn Kmn < s <t < py In the case p, — Km, < s <
pn < t < pp + Kmy, split S5 |)\ Kl = D hms MGl + St —pnt1 | AER] =t A1+ Ao, where
Ay < CKV(%)W = o(1) as above, Whlle

Pn
_ (Pn — k) + (t—pn)”
A < Cn7g [FurEy— = A1+ A2
e

according to Assumption (A.4). Here, A1q < C’KV(%)V and the same bound follows easily
for Aqs in the case v > 1. Consider A5 for 0 < v < 1. Then

e 1og<1+,:p;1>
< o (o (14 ) < (F2)

since sup,-o7log(1 + 1) < C. This proves the bound in (3.21) uniformly in [t — p,| <
Kmy,|s — pn| < Kmy. Now, using (3.21) and the telescoping identity [[, ar — [[, bx =

> k(ar — b)) [ 1,1 aj [ 15 br, we obtain

t—1 k—1
0t s) =1 < ST+ A
k=s Jj=s

t—1 k—1 t—1
sZMMwﬂzmw}sczmm:dm
k=s j=s k=s

proving (3.19).
Consider (3.20). From assumptions (3.1) and (3.2) we infer that for any K > 0 there
exists K’ > 0 such that the following inequalities

k
)
n
are satisfied. (Indeed, the required K’ can be easily determined by K’ = 2K (A, /A_)Y/7,

for all n large enough.) Next, write

ot,s) = T [+l I Ayl

s<k<pn—K'mn pn—K'mn,<j<t

t
<d<ﬁ)7 VIt —pn|l < Kmn, V1<k<p,—K'my, (3.22)

Here, the first product on the r.h.s. is bounded by 1 since —1 < A{; < 0 in view of (3.22)
and the definition of Aty The second product tends to 1 as n — oo for each K’ < oo
according to (3.19). This proves (3.20).

With (3.19)—(3.20) in mind, the proof of Theorem 7 follows from the proof of Theorem 5,

with minor modifications. O
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Remark 4 The proof of Theorem 7 reduces the study of S{ to that of \S,, in Theorem 5
by showing that the ratio ©%(¢, s) of the corresponding coefficients tends to 1 (see (3.19)).
The last fact, as well as the statement of Theorem 7, is not true for the process { X!} (under
the same assumptions on d(+)) since the corresponding ratio ©°(t, s) 1= by—s(t) /¢—s(d(L))
tends to a different limit:

O(t,s) — elsm@Pl"Rsm@lel™ " as (t —p,)/my — v, (s — pa)/mn — u. (3.23)

The limit in (3.23) can be shown for any u < v fixed, by writing ©°(¢, s) = (d(2)/d(L))

1
2;28 (1 + )\g,s,k) and decomposing the )\Z&k’s as follows:
b d(%) —d(f) d(y) —d(3) d(;) —d(;)

A = =
B8k dt)+k—s+1 d(g)+k—s+1+d(%)+k—s+1

oy "
- )‘t,s,k + )‘t,s,k'

Here, Y% X, x| = o(1) similarly to (3.21) but Y7375 N/, ~ (d(£) — d(L))log(t — s)

S n
tends to the r.h.s. of (3.23). The above discussion suggests that the partial sums limit of

Jog!/7 .\ dmax+1/2 - -
(logn) S? (Tinax + loglﬁ) might be written as

Ub(T) = K/(dmax)/ e_Asg“(U)lulﬁyfrl(du)/ (U _ u)dmax—ldv.

—00 u

Note that, contrary to the process U in (3.4), the process U b is well-defined for any dpax > 0
provided A_ > 0.

The proofs of Theorems 5 and 7 yield the following corollary.
Corollary 8 (i) Let the conditions of Theorem 5 be satisfied. Then

0, T < Tmax,
Su(T) —tda. § U(0), T = Tmax, (3.24)

U(+00), T > Tmax,

(logl/’Y n) dma,x"‘l/2
n

where {U(T)} is defined in (3.4). Moreover,

log!/7 n\ dmax+1/2 1

(g1 / Sp(T)dT i (1 — Tanax)U (+-00), (3.25)
0

(Ogn n) /Si(T)dT “aw (1= Tnax)U (+00) 2. (3.26)
0

(i) Let the conditions of Theorem 7 be satisfied. Then relations (3.24), (3.25), (3.26) hold
with Sy, replaced by SE.
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