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Abstract

The wealthy hold a large fraction of total wealth but to what extent
do they stay wealthy over time? What theory explains both cross-
sectional inequality and the dynamics of wealthy households? This
paper uses the longitudinal UK Wealth and Assets Survey (WAS) to
answer these questions. I examine three main theories for the highly
concentrated distribution of wealth against the data - heterogeneous
returns to wealth, temporary high earnings and discount factor hetero-
geneity. I identify heterogeneous returns to wealth as the theory that
best explains the inequality and mobility data and I corroborate my
findings with a model which combines all three mechanisms. This is
because poor heterogeneous wealth returns realisations simultaneously
reduce stocks of wealth and discourage future saving through expected
persistence in wealth returns. This generates very large downwards mo-
bility. My estimated model matches both wealth inequality and mobility
moments and can show that, structurally, 12% of the top 1% leave this
category every two years and 25% leave within six years.

Thanks to my supervisors, Vincent Sterk and Mariacristina De Nardi for
their permanent and dedicated support and to Rory McGee, Gonzalo Paz
Pardo and Antonio Guarino for their greatly appreciated input and assistance.

1



1 Introduction

Inequality, the behaviour of the wealthy, and distribution of wealth have

long been topics of discussion for economists. Recently, inequality has become

more prominent in policy and academic questions and the implications of het-

erogeneous wealth distributions to economic and policy questions is still being

widely explored. The very wealthiest hold a large fraction of wealth in most

developed economies, so much so that the rich right tail of the empirical cross-

sectional wealth distribution often follows a fat-tailed Pareto distribution. In

this paper, I focus on the mobility of the wealthy in that tail. I use data

on both inequality and mobility to evaluate quantitative theories of inequal-

ity. The incomplete markets Aiyagari-Hugget-Bewley framework often used

by macroeconomists to generate a non-trivial distribution of wealth through

self-insurance buffer stock savings against earnings shocks cannot create the

thick right tail and concentration found in the data. Hence, three main the-

ories of tail wealth accumulation have been proposed - heterogeneous returns

to wealth; temporary ‘superstar’ high earnings state(s) and discount factor

heterogeneity. Using the data, I estimate a structural model to identify which

mechanisms are driving inequality and mobility, and the parameters governing

those mechanisms.

Understanding the drivers of wealth inequality is key to the implications of

many heterogeneous agent macroeconomic models. For example, Kindermann

and Krueger [2014] find optimal tax on top earners to be over 90% with an

exogenous ‘superstar’ earnings process whilst the entrepreneurial model used

by Cagetti and Nardi [2004] shows that reducing estate tax and raising income

tax is welfare decreasing. Ocampo et al. [2017] find efficiency through im-

proved capital allocation under wealth taxation and Carroll et al. [2017] argue

that wealth differences resulting from preference heterogeneity is important to

household consumption responses.

Motivated by the need to distinguish the driving force behind wealth in-

equality, I utilise the UK Wealth and Assets Survey (WAS) panel dataset
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[2018]. This wealth survey is significantly larger than its peers, is longitudinal

and it oversamples the wealthy to capture them accurately. This allows us

to study wealth transitions amongst those at the top and to use that data to

evaluate different explanations for top wealth inequality. I therefore apply mo-

ments from the data to a simple Bewley-Huggett-Aiyagari incomplete markets

framework1 with three additional explanations to generate realistic inequality.

De Nardi [2015] and De Nardi and Fella [2017] examine major hypotheses

about extensive wealth accumulation: earnings and income risks; idiosyncratic

returns and wealth risk; heterogeneous saving/risk preferences; bequests, hu-

man capital and altruism towards descendants; medical expenses and, lastly,

entrepreneurship. I choose to focus on the first three in this paper.

Very high ‘superstar’ earnings states (Castaneda, Diaz-Gimenez and Rios-

Rull [2003]) that last a limited period of time have been found to generate very

high wealth inequality. Superstardom is temporary such that households save

most of their earnings due to knowledge that they will eventually lose superstar

status and will want to use these savings to smooth their consumption over

time. Due to the extreme level of the earnings state, these wealth stocks can

be very large, generating the high inequality found in the data.

Benhabib, Bisin and Zhu [2014] and Benhabib, Bisin and Luo [2015]) offer

an alternative explanation in the form of exogenous heterogeneous returns to

wealth. They show that a distribution of returns can replicate cross-sectional

wealth inequality and has simple implications for mobility. In this theory,

wealthy agents are those who experience a series of excessive returns - as they

become richer the impact of greater returns increases, leading to a process

that generates a fat tail of a few wealthy agents who control very large asset

holdings. Non-perfect persistence of the returns process ensures that wealth

does not excessively concentrate, leading to a Pareto distribution.

Discount factor heterogeneity, as used by Krusell and Smith [1998], Hen-

dricks [2004] and Carroll et al [2017] explains wealth heterogeneity by different

1The key papers for this literature being Aiyagari [1994], Huggett [1996] and Bewley
[1983]
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weightings on future consumption, often labelled as ‘patience’ or a desire to

smooth consumption. Explanations from this theory are rarely targeted at the

very wealthy tail, as Hendricks notes, and relies on more patient households

accumulating greater asset holdings due to greater desire to save for the future

and to keep their consumption stream smooth.

Further, understanding the dynamics of the wealthy and how they come to

be wealthy is important in and of itself - is there a dominant perpetual ‘rentier’

class who live from their income? Or are the wealthy better characterised as

the lucky tail of portfolio risk? Are they recipients of sudden rewards for

extraordinary skills or gradual wealth builders? Whilst we can identify the

cross-sectional features of the wealthy - more likely to be entrepreneurs, hold

more stocks, be slightly older - we need longitudinal data to understand their

dynamics, and to discipline mechanisms that claim to represent and drive the

distribution of wealth.

This paper documents the relatively unknown distribution of changes in

wealth faced by (top) households and their wealth mobility patterns using the

WAS, which I extensively analyse in other work, Pugh [2018]. I find substantial

wealth and income mobility at the top in the raw data, where around a third of

the wealthiest 1% exit this group biennially and are unlikely to return. After

six years, half of the wealthiest 1% are in the same wealth category.

The dynamics of the wealthy show rich history dependence and indicate

more than a simple Markov-style process. Newer entrants to wealthy groups

such as the top 1% are much more likely to leave again in two years (60%

exit) versus those already in the group (20% exit). There are also high like-

lihoods of dramatic changes amongst the wealthy - for example, amongst the

wealthiest 5%, one quarter lose over 25% of their wealth and 10% lose over

half their wealth in two years. In addition, I find moments of the change in

log wealth distribution over quantiles of wealth to be similar to the U-shaped

skew and variance curves found in Guvenen, Karahan, Ozkan and Song[2015]

for earnings. To my knowledge, this study is the first to extensively anal-

yse these distributions of survey panel changes in wealth including the very
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wealthy, outside of my own related work. I find similar patterns in the Survey

of Consumer Finances (SCF), Panel Study of Income Dynamics (PSID) and

English Longitudinal Study of Ageing (ELSA).

My main finding is that returns heterogeneity is the mechanism that best

explains the data. This is because it has the ability to generate larger and

faster downward mobility than other mechanisms. It can do so because it

has two effects, one directly affecting the agent’s budget constraint and one

behavioural effect through expected future returns. Agents with particularly

poor realisations of returns will experience falls in their wealth stock. This

can force rapid changes in wealth, depending on the persistence of returns and

degree of variance. Poor returns also feeds through into an incentive not to

hold wealth if one expects poor returns to continue in future, causing further

de-accumulation. In contrast, superstars de-accumulate slowly after losing

their very high earnings as there is no downward pressure on their wealth

except gradual consumption-smoothing pressures. Discount factor shocks only

operate through the behavioural channel of expected value of future wealth,

not affecting the agent’s budget constraint or resources.

The estimated returns heterogeneity has a positive yearly autocorrelation

of approximately 0.47 and standard deviation of 0.12. This volatility is in the

region of direct wealth heterogeneity estimates by Fagereng, Guiso, Malacrino

and Pistaferri [2016] using Norwegian administrative wealth tax datasets. For

benchmarking, the unconditional yearly wealth returns standard deviation is

0.16 versus Campbell’s 0.5-0.6 for a single public stock, Campbell [2001]. I

find that these results do not change when estimating a joint model with all

three theories of inequality present.

I correct for time-varying measurement error, as this can play a quantita-

tively important role in wealth survey data2. I still find substantial mobility

after the correction, with around 12% leaving the top 1% every two years and

25% every six years. Without this correction attributing some variation to

2An example could be Biancotti, D’Alessio and Neri’s [2008] study of the Italian Survey
of Household Income and Wealth
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measurement error, returns heterogeneity would be even more prominent as

the most successful mechanism since it is the only one that can accommodate

rapid and large wealth changes and thus greater variation in wealth favours it.

2 Data: The Wealth and Assets Survey

In this section I describe the WAS data and the wealthy within it, building a

picture of their characteristics before discussing their transitions. The WAS is

a biennial panel survey dataset covering wealth, income and demographics for

UK households. It is large versus the U.S. Survey of Consumer Finances (SCF)

or average country in the EU Household Finance and Consumption Survey3,

with 20,000 or more households in each wave and new samples added from

wave 3 onwards to maintain size. The WAS contains 5 biennial survey waves,

beginning in July 2006 - June 2008 for wave 1 and re-interviewing every two

years. Wealthy households are also oversampled to account for lower response

rates, much like other high quality wealth surveys (such as the SCF).4

The WAS is valuable for its combination of oversampling the wealthy and

longitudinal tracking. For example, in the U.S. there are only 2 small one-

off transitional datasets from the Survey of Consumer Finances - a 1989 re-

interview of the 1983 wave (Kennickell & Starr McCluer [1997]) and the same

for 2007 and 2009 (Bricker et al. [2011]). There are therefore only two data

points for US SCF wealth transitions, separated by 20 years. The Panel Study

of Income Dynamics (PSID) is relatively much longer (1968-present) but does

not represent the richest via oversampling like the SCF or WAS and so misses

the wealthiest 1%.5. The few substantial European alternatives include longi-

3The SCF contains approximately 6,000 families whilst the HFCS has 80,000 but contains
20 EU countries, averaging 4,000 per country.

4Although the WAS has a lower oversampling rate, at 2x-3x versus 6x for the SCF, it has
a larger sample (approximately, WASn = 20 − 30, 000 households versus SCFn < 5000.),
so still maintains a sizeable responding sample for the top quantiles - over 500 observations
for the top 1% and 1500 for the top 5% in Wave 1.

5For PSID wealth mobility, see Quadrini [2000] or Hurst et al. [1998]).
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tudinal Nordic and Scandinavian administrative wealth datasets (for example,

Fagereng et al. [2016]) and the panel subsample of the Italian Survey of House-

hold Income and Wealth (SHIW) (Jappelli and Pistaferri [2000] and Jappelli

[1999]), which does not have equivalent oversampling of the wealthy.

For each household, WAS interviewers ask respondents for information on

wealth, income and various demographic features. They catalogue valuations

and amounts of different assets, as well as recording surrounding information

such as date of purchases for properties or personal opinions towards leaving a

bequest. Like other well-designed surveys6, they endeavour to probe answers

and ask respondents to use financial statements and records as aids in their an-

swers. The data provider also performs some imputation for missing responses

and I analyse the impact of additional multiple imputation for non-answerers

to business wealth questions in my other work, Pugh [2018], where I exam-

ine the WAS in detail, comparing its cross-sectional implications versus estate

data, rich lists and other survey and administrative datasets. I find it effec-

tively represents the top of the distribution. Here, I provide a short summary

of relevant cross-sectional findings from the WAS concerning the wealthy.

Throughout, the benchmark definition of ‘wealth’ is the sum of private

business values; financial assets (cash, shares, bonds, investment funds, sav-

ings products, deposits minus debts and credit cards); property (value minus

mortgage debt) and physical wealth (vehicles, jewellery, collectibles, household

contents), minus any other liabilities.

Table 1 shows statistics for the whole population and from wealthy groups7.

The heads of households (‘household reference person’) in top wealth groups

are a little older than the general population. Unsurprisingly, the wealthy have

6The benchmark examples being the U.S. Survey of Consumer Finances and Panel Survey
of Income Dynamics as two of the most frequent sources for wealth data in economic research.

7Income is before taxes and without social benefits, other income categories are invest-
ments, rental properties, pensions and other (including irregular items). Earnings includes
self-employed or business earnings paid as wages. Age, self-employed and business ownership
(amongst the self-employed) refer to the Household Reference person, whilst all other rows
are for the entire household. The ‘wealthy’ groups are defined by the wealth variable, which
is as described in the text. The proportions are dividing one average by another.

7



Group All top 10% top 5% top1%
Age 54 62 61 60

Income 38782 91401 120675 228645
Earnings 31883 60866 79532 146140

Self-employed 0.09 0.21 0.27 0.4
Business owner 0.05 0.15 0.2 0.34
Wealth (total) 317572 1596584 2396994 6355747

Property / Total 0.55 0.48 0.44 0.31
Financial (net) / Total 0.18 0.22 0.22 0.19

Physical / Total 0.15 0.07 0.06 0.03
Business / Total 0.12 0.22 0.28 0.46

Table 1: Means for top groups and population

much higher gross incomes than the population, and a lower proportion of in-

come from earnings (and thus proportionately higher income from investments

and assets). They are much more likely to be headed by an entrepreneur or

business owner and whilst they still concentrate a large proportion of their

wealth in housing, the prominence of business wealth and financial wealth is

much greater amongst the very wealthy.

The ‘average’ wealthy household is quite varied - some households are dom-

inated by business wealth, others by property. There is great variation in their

incomes versus their wealth and the sources of their incomes.

3 Transitions and Mobility

3.1 Wealth Mobility

Table 2 presents transition probabilities for different groups of wealthy

households commonly studied in the literature. Approximately a third of the

top percentile exit in two years and the 6 year 07-13 staying rate is around

half. Membership in higher percentile groups (going right across table 2) is

generally more unstable.
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Years Top 10% Top 5% Top 1% Top 0.1%
07-09 0.72 0.68 0.58 0.41
09-11 0.77 0.73 0.64 0.5
11-13 0.79 0.74 0.67 0.44
13-15 0.79 0.75 0.71 0.49
07-15 0.65 0.64 0.52 0.5

Table 2: Proportion of households staying in top wealth quantile groups across
waves

I find similar patterns in both the U.K. ELSA8 and both the 07/09 and

1983/89 SCF (from Kennickell and Starr-McCluer [1997]) as shown in Table

3. The SCF 07-09 transitions are similar to the WAS 07-09, but show less

mobility than the WAS, while the 83/9 SCF is more mobile than the WAS 6-

year transitions (though this may be due to the different eras). I also note that

in Hurst et al’s [1998] transitional study of the PSID, the proportion staying

in the top 10% over 5-years , at 64%-69% is similar to the WAS 6-year staying

rate of 65%-72%.

Source Top 10% Top 5% Top 1% Top 0.1%
SCF 07-09 0.78 0.81 0.66 0.56
WAS 07-09 0.72 0.68 0.58 0.41
SCF 83-89 0.41 0.52 0.59
WAS 07-13 0.65 0.64 0.52 0.5
WAS 09-15 0.72 0.65 0.57 0.42

Table 3: Proportion of households staying in top wealth quantile groups across
waves,WAS and SCF

As an illustration of the substantial wealth fluctuations involved in these

transitions, I show the quantiles of the percentage change distribution for the

top 5% in table4. I note the very substantial losses indicated by the lower

quartile and lowest decile - for Decile 1 (Q(0.1)), 45-60% of wealth lost, for

reference this loss is around £600-800,000.

8See appendix.
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Years Q(0.1) Q(0.25) Q(0.5) Q(0.75) Q(0.9)
07-09 -0.6 -0.34 -0.09 0.14 0.42
09-11 -0.46 -0.23 -0.02 0.19 0.54
11-13 -0.49 -0.24 -0.01 0.18 0.53
13-15 -0.48 -0.2 0.03 0.24 0.54

Table 4: Quantiles of Proportional Changes in Wealth for Top 5%

Table 5 displays before and after statistics for those in the top 5% who

experience a fall of 25% or more in their wealth between two waves versus the

remainder of the top 5%9. The self-employed are over-represented in those with

large falls and a substantial proportion of these exit self-employment. I show

the median and top quartile of the proportion of total wealth held as business

wealth amongst these self-employed. On the left, the ‘before’ figures show

big fallers have a larger proportion of their wealth in their business (versus

the other self-employed in the top 5%) before their fall. After their fall, their

wealth in their business is substantially reduced.

Those big fallers with large proportions of financial wealth (75th percentile

and above) before the transition experience a large reduction in that propor-

tion, roughly halving the size of their financial portfolio versus their other

remaining assets. Big fallers have a lower allocation towards property wealth,

the proportion of which rises after their fall, indicating their non-property

assets are having greater reductions than property assets10.

It is also important to note there is a strong persistence in continued mem-

bership of top wealth categories despite the relatively high group exit rates

from wave to wave. Table 6 considers probability of staying conditional on

history of membership. Those with longer past membership appear to have a

much higher probability of remaining in the group, whereas new entrants have

a very high chance of exit - ‘stayers stay’. 11.

9I use the fourth and fifth wave, though other waves are similar, as are the averages.
10Note WAS cannot distinguish between asset sales for consumption and intrinsic losses.

Thus the tendency to sell other assets before illiquid property may be showing here.
11Again, ELSA data contains similar findings, shown in the appendix
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Fall >-25% Others
Before After Before After

Proportion Self-employed 0.34 0.21 0.27 0.25
Self-employed median % bus. wealth 0.44 0 0.03 0.06
Self-employed Q0.75 % bus. wealth 0.76 0.27 0.41 0.42
Median % financial wealth 0.18 0.13 0.24 0.21
Q0.75 % financial wealth 0.58 0.27 0.42 0.4
Median % housing wealth 0.35 0.66 0.56 0.59

Table 5: Statistics for subsets of Top 5%, before & after transitions.

top 10% top 5% top 1%
P (T4|F1F2T3) 0.48 0.39 0.30
P (T4|F1T2T3) 0.75 0.68 0.66
P (T4|T1T2T3) 0.91 0.88 0.87

Table 6: Probability of remaining in top wealth groups given different histories.
‘Tt’ indicates ‘True’ for belonging to the group in wave t and ‘Ft’ indicates
‘False’ for the same.

We can study more of the distribution of individual wealth changes using

non-parametric quantile regression and plots of resulting quantiles, similar

to Trede [1998]. The different quantile levels at each x-axis point show the

distribution of outcomes at that point. Thus Figure 1 shows the deciles of

wave 3 wealth at each level of wave 2 wealth, much like a series of localised box

plots. As an example, households at 4 times median wealth (x=4) in 2009 have

a wide range of outcomes - the top 10% (violet, τ = 0.9) of those households

have 5x median wealth in 2011, whilst the lowest 10% (red, τ = 0.1) have

approximately 2.5x median wealth. Considering the whole figure, the range of

wealth changes increases as wealth increases.

The patterns in Figure 1 are representative of results from other waves and

time horizons, as all are very similar.

I also consider proportional changes in wealth. In Figure 2 the changes in

log wealth are quite substantial over the whole distribution of wealth (from the

11



Figure 1: Non-linear Quantile Regression for relative-to-median wealth in 2011
vs 2009. Deciles (D1-9) of Wt for a given Wt−1.

lowest percentile to highest), with many households gaining or losing 0.25 or

0.5 log points of wealth. Of particular importance, the very wealthiest have a

much wider, and slightly lower ∆log(w) distribution, whilst the poorest have

a wide but much more positive distribution of proportional wealth change

outcomes. For households from the 4th to the 9th Decile, the distribution of

log wealth changes faced is broadly the same.
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Figure 2: Non-Linear Quantile Regression for Changes in Log Wealth vs Quan-
tile of Wealth.

In Figure 3 I show the first four moments of changes in log wealth, con-

ditional on wealth quantile using kernel methods. Visually, readers can note

the similarity to moments of change in log income distributions found in the

study of SSA earnings data by Guvenen et al. [2015] - variance and skew both

U-shaped with the latter negative, whilst kurtosis is substantial and somewhat

hump-shaped.12

12Despite this being in different countries, for wealth rather than income and for house-
holds rather than tax units.
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Figure 3: Moments for the Change in Log Wealth distribution over quantiles
of previous wealth: ∆log(Wt) by τ = FWt−1(Wt−1)

We can also consider the distribution of changes in log wealth conditional

on previous changes in log wealth, shown in Figure 4. There is some rever-

sion in wealth changes, shown by the generally negative slope of the quantile

functions, but there is also a spread of quantiles further from the x-origin in

both directions. This can be interpreted as those households experiencing large

changes then continuing to experience large changes, regardless of direction13.

This dependence weakens over a longer horizon when one compares to the 11-

13Although the bottom 20% and top 10% in wealth are overweighted for ∆log(W ) > 0.5
and ∆log(W ) < −0.5 respectively, removing these high and low wealth observations does
not change the findings.
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13 or 13-15 versus 07-09 transitions diagram, being both flatter and relatively

smaller in spread (not shown).

Figure 4: Non-Linear Quantile Regression showing Deciles of Differenced Log
Wealth 2011-2009 vs Differenced Log Wealth 2009-2007.

Overall, the distributions show relatively large changes occurring amongst

the wealthy and great instability in their status as ‘wealthy’, much like the

transition probabilities in Table 2. There are frequent changes in membership

of the wealthiest groups and large changes in individual household’s wealth,

even at the top. One expects downward falls from new entrants to wealthy

groups, some general mean reversion and large changes for those who have pre-

viously experienced a large change. Examining those suffering large negative
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changes (-25% or more) amongst the top 5%, I find they own proportionally

less housing and more financial/business wealth and are more likely to be

self-employed/entrepreneurs with losses concentrated in business and financial

wealth.

4 Model

I now consider incomplete markets explanations for the highly skewed

wealth distribution versus the dynamic facts in the WAS data.

The basic structure for the following is an Aiyagari model containing a

distribution of agents deciding to save or consume a simple, liquid asset and

facing labour earnings shocks. It is well known that this model cannot replicate

the substantial cross-sectional wealth inequality in the data, hence I add the

different inequality generating mechanisms discussed in the Introduction.

Households have CRRA utility,

u(c) =
c1−γ

1− γ
In the model, a household can be young or old, with probabilistic ageing

and probabilistic death for the old (who are then reborn as young, subject to

estate taxes). The probabilities are selected to replicate actuarial population

statistics. I denote the age status as O and its transitions as ΠO.

They also have (discretised) earnings ability z, which follows a transition

matrix Πz and returns ability R which follows transitions Πz. Similarly, dis-

count factors β are stochastic and follow transitions Πβ. The age, discount

factor, earnings and returns transition matrices are exogenous. I allow for the

possibility that they are correlated - for example, stochastic inheritance of dis-

count factors after death transitions. They choose to save or consume c in an

asset a, creating a state vector of {(at, zt, Rt, Ot, βt} describing an agent in a

given period. The agent aims to maximise their sum of expected discounted

utility, forming the following Bellman equation,
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V (at, zt, Rt, Ot, βt) =

max
ct,at+1

{u(ct) + βtEt(V (at+1, zt+1, Rt+1, Ot+1, βt+1))}

The budget constraint for a young agent (Ot = young) is

ct + at+1 = wzt +Rt(1 + r)at

They choose to save or consume out of their earnings income wzt, where

w is the equilibrium wage, and wealth at subject to interest earnings Rtrat, r

being the equilibrium interest rate on the asset.

For the old (Ot = old) the budget constraint is

ct + at+1 = pt +Rt(1 + r)at

This is the same as young agents, except for a fixed pension p rather

than earnings, which the government pays for using income and consump-

tion taxes.14 I do not show the taxes in these budget constraints for clarity

and brevity.15

For agents who die and are replaced by a young descendent (Ot = born),

the equation is equivalent to the young but their assets are subject to estate

tax τestate,

ct + at+1 = wzt +Rt(1 + r)at(1− τestate)

I use the processes R, z and β to create the processes to match wealth

14the tax revenue always exceeds these payments. I assume the remainder is spent on
non-utility-enhancing projects rather than rebated to households for a balanced budget.

15The estate tax is calibrated in the style of Cagetti and Nardi [2006] and Cagetti and
Nardi [2004] by matching proportion of deceased paying (3.5%) and generating a flat effective
tax rate by matching revenue (0.18% of GDP) due to widespread avoidance and tax relief
versus headline rates. I use a Gouveia and Strauss [1994] income tax function estimated for
UK taxes, and a UK consumption tax of 17.5%. Simplified state pension payments follow
the ratio of state pensions to earnings in the WAS data.
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inequality.

To close the model, I have a production sector with a representative firm

who produces a consumable output good using capital and labour. The firm is

Cobb-Douglas with capital share α = 0.33 and pays depreciation of δ = 0.07

on capital. The firm pays r to rent capital and w to pay workers. I find an

equilibrium r which matches capital demand and holdings among agents.

As the agents are receiving different returns for assets, I create zero-cost

risk-neutral perfectly competitive financial intermediaries who hold household

assets on their behalf, convert them into usable capital, rent to firms, receive

the rental income and return of capital and then pay a stochastic return to

households. I assume this return is (1+r)R where R is zero mean and stochas-

tic and can be viewed as random efficiency of the intermediary. Households

have to hold this asset or consume. As the intermediaries are competitive, we

can assume a representative intermediary. Effectively, this intermediary amal-

gamates the capital stock for the firm and then distributes the total returns so

that households receive different returns. In reality, we may prefer to think of

this as household ‘ability’ rather than financial intermediary efficiency/success.

This is a stationary rational expectations equilibrium, with prices and poli-

cies:

• HH policy function at+1(at, zt, Rt, Ot, βt) from solving value function prob-

lem above given w and r

• a becomes k, rented by competitive intermediaries to firm in price-taking

market

• Firm maximises profit KαN1−α − wN − (r + δ)K with factor prices

r = MPK − δ and w = MPN

• markets clear when firm capital demand equals household supply K =∫
kidi =

∫
Riaidi

• labour is always fully supplied,
∫
nidi =

∫
ziI(Oi = 0)di = N
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To operationalise this model, throughout I use a simple log AR1 distribu-

tion of earnings y for agents 16, calibrated to the UK earnings Gini and the

Shorrocks Index for Quintiles. I use WAS figures, as comparison with admin-

istrative earnings data reported by De Nardi, Fella and Paz Pardo [2018] find

very similar results. Other parameters take well-known values - unless other-

wise specified, there is a discount factor of β = 0.95 and CRRA preferences

with parameter γ = 2 for all agents.

The next step is to add the three wealth inequality generating mechanisms

- superstar earnings, returns heterogeneity and discount factor heterogeneity.

Superstar earnings are in the form of an extra z earnings state with a

level Y , which can be entered into equally from any earnings state (PY,in) and

exits equally into any earnings state (PY,out). This is a modified version of

the Castaneda et al-style super-high ability level ȳ used to generate wealth

inequality (“CDR model”).

Individual returns R are characterised as a discretised log-normal AR1

process, with parameters of autocorrelation ρr and standard deviation σr and

a mean of 1. I use this process to nest the ideas in Benhabib, Bisin & Luo

[2015] (“BBL model”) and Benhabib, Bisin and Zhu [2014] (“BBZ model”)

that heterogeneous returns with different persistences (BBL is lifelong R whilst

BBZ has zero autocorrelation) can generate tail wealth inequality in line with

the data - one of my aims is to shed light on the appropriate persistence.

Discount factors β follows the literature17 in assuming a discrete state sym-

metric process. I use two states βl, βh and probability of transition Pβ. I as-

sume that earnings ability is not inherited and is redrawn from the stationary

distribution after death, whilst returns status is fully inherited18 and I allow

stochastic inheritance of β, so there is a parameter Pβ,d which governs the

probabilistic inheritance of β.

16I am mostly concerned with the upper tail which, as De Nardi, Fella and Paz Pardo
[2016] note, even realistic non-parametric earnings processes do not match, so I keep earnings
simple.

17Examples include Krusell and Smith [1998] , Hendricks [2004] and Carroll et al. [2017].
18As the portfolio, its managers and so on would be inherited, etc.
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4.1 Estimation

With the model complete, I now turn to the estimation procedure for re-

covering parameters, understanding the mechanisms and comparing to the

data. After calculating an equilibrium I simulate 100,000 agents. I calcu-

late the same moments, transition matrices and quantile regressions from the

model as the WAS data shown above and compare the two using a General

Methods of Moments structure. I calculate normalised deviations from the

targeted data moments and use equal weighting for each moment condition. I

apply a Markov Chain Monte Carlo simulation to build a distribution for the

parameters, which I detail in the appendix.

Throughout, I include time-varying measurement error standard deviation

as a parameter in the estimation. I view this inclusion as best practise in using

survey data and a straightforward correction for which I consider robustness

checks.

The data moments, or targets, are:

• top 1, 5 and 10% wealth shares

• 2, 4, 6 and 8 year top wealth staying rates for top 10%, 5% and 1%

• 2-stage (e.g. T |FT in my notation) and 3-stage (e.g. T |FFT ) conditional

staying rates for top 1 and 5%

• standard deviation of changes in log wealth above median wealth (0.32)

• UK Capital-Income ratio (2.5)

There are 23 targets in total, shown in Table 25 in the appendix. I also

provide the full list of targets and their data values when discussing and com-

paring versus results in Table 19. The total parameter count from the above

is 10, leaving 13 degrees of freedom for the joint estimation and thus being

overidentified.

In the most general model I use which incorporates all three mechanisms

the 10 parameters from the model exposition above are in Table 7.
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Definition Parameter
R autocorrelation ρr

R standard deviation σr
superstar level Y

superstar entry probability PY,in
superstar exit probability PY,in

probability of staying in β state Pβ
β inheritance probability Pβ,d

first β state βl
second β state βh

measurement error standard deviation σv

Table 7: Parameters for estimation.

5 Results

The main result is that heterogeneous returns to wealth fits the data best

amongst the three mechanisms. I consider estimations using each theory on

its own and then a joint estimation with mechanisms from all three theories in

Table 8. The sum of squared errors from the data moments finds R shocks to

superior to the other two mechanisms on this fit index and quite close to the

errors of the unconstrained estimation involving all three explanations. This

method of comparison mirrors the equally-weighted GMM objective function

as all estimations use the same set of moment conditions.19 The parameters

for the R process are very similar between the estimation using R alone and

the multiple explanation version - an autocorrelation of 0.5 and standard devi-

ation of 0.1. The multiple explanation estimation has superstars with very low

earnings versus the canonical extraordinary levels used (only 4x median earn-

ings) and limited β heterogeneity, suggesting returns heterogeneity remains

the driver behind inequality even when other mechanisms are allowed.

The minimum sum of squared errors (SSE) represents the best fit of the

model, which is particularly close between R only and all mechanisms.In terms

19’moment condition’ is used interchangeably with ’target’ throughout this paper.
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Measure Model Min. Median Mean
Sum Squared Error All mechanisms 0.09 0.14 0.16

R only 0.12 0.26 0.38
Superstars 0.42 0.94 0.89
β only 0.7 0.9 0.89

Table 8: Fit of estimations.

of minimum, mean or median SSE, Superstars are a much poorer fit than R

shocks or the unconstrained estimation and are very similar to β only. As

would be expected, the unconstrained mechanism does improve over R shocks

alone, but by significantly less. I would interpret this as there being a very

similar optimal matching of the target moments. But, the distribution of

parameters in the R only model is such that it has greater variability away

from that optima in terms of target deviations.

The reason for the identification of returns heterogeneity as the best theory

to explain the data comes from the tension between inequality and mobility

across the different theories. With the exception of wealth returns variance, the

mechanisms to create inequality rely on incentivising persistent above average

saving over time in a subset of the population and thus generating a wealthy

group. But this (almost necessarily) generates stasis in wealth. The mobility

moments force the model to generate wealthy households who lose wealth

rapidly enough to exit wealthy groups at the correct rates and in the right

time-frame, providing tension against allowing this stasis. Whilst time-varying

measurement error can increase mobility, it is particularly restricted on the

upside by the need to match the standard deviation of wealth.

Wealth returns heterogeneity can cause the rapid changes in wealth found

in the data due to both directly affecting the stock of wealth and changing

incentives to save in the future. It can do so whilst also creating inequality at

realistic levels. This is particularly important for matching downward changes

in wealth, as Superstars lose high income but only consume their wealth stock

gradually to smooth consumption, whilst β shocks focus on savings incentives
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alone and are very persistent to generate inequality. Whilst both of the two

other mechanisms can attempt to match mobility, they do so either with the aid

of excessive measurement error volatility, which causes the model to overshoot

wealth variability (σ∆log(w)) or, as realistic inequality would cause a failure to

match mobility, they choose parameters which generate too little inequality.

For example, the top 1% wealth share for Superstars only is only 13%, versus

20% in the data. These large deviations are then punished in the fit index.
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Figure 5: Simulation of agents wealth over time, starting at the 99.5th per-
centile and experiencing very bad shocks in different models. Point at which
agent passes key percentile of wealth shown with text of that percentile next
to curves.

As a demonstration of the mechanism by which returns heterogeneity gen-

erates rapid downward changes in Figure 5 I examine a a wealthy household

at the 99.5 percentile suffering a series of the worst shocks under each theory.
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Low heterogeneous returns realisations are in black, a loss of superstar ability

in red and a lower discount factor in orange. I show the points when the agent

reaches key quantiles such at the 99th (top 1%) in text alongside each curve.

The very unlucky agent in black continually experiences the very lowest state

of heterogeneous returns R in the discretised AR1 process (-26%) and has con-

stant median earnings wz. He rapidly falls to below the median wealth in less

than a decade.20 In blue, I show the same agent path, but compensated for the

direct losses of wealth and changes in his budget constraint. This disentangles

the mechanisms of direct changes to wealth from R and changes to savings

incentives - discovering the incentive effect by compensating the agent for the

direct loss of wealth but having the same R state and expectations. The blue

agent deaccumulates much more slowly, showing a large proportion of mobility

from R shocks comes from the direct changes.

The red superstar agent deaccumulates slowly and from a significantly

higher wealth position, visually depicting the greater wealth immobility re-

sulting from superstars. This can be seen in the percentiles the agents pass

through - the unlucky R agent is below the 95th percentile in 3 years, the

compensated low R agent reaches the 95th percentile in 30 years and the su-

perstar agent remains above this. One can thereby see the need for higher

measurement error amongst superstars to create mobility and the constraint

on the superstar mechanism from high mobility leading to inability to match

inequality. The estimated R model depicted in the figure has realistic inequal-

ity, yet the estimated superstar process that would replicate inequality would

have even higher wealth.

An agent from the β model is shown in orange. This agent is at the

99.5th percentile and is given the lower β, in this case 0.935 versus a high

β of 0.975. The β model has a very high persistence (with an average state

duration of 2000 years), so having an agent with such high wealth without a

20Note that this unlucky agent is indeed unlucky given the medium persistence of the R
process (rhor = 0.47) and is illustrative. Yet I note that falls of -26% are not uncommon in
the wealth data earlier or in asset markets.
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high β is exceedingly rare and not typical of transitions in the β model, which

are mostly attributable to measurement error in the estimation. The agent

deaccumulates quite quickly in absolute terms, but still remains above the

90th percentile after 25 years. The high persistence of the lower state means

the agent expects to have a low value for future savings for a very long time

and so the impact of the lower discount factor is magnified by the long future

expectation, resulting in fast wealth stock consumption. The compensated R

agent has a gentler slope than the β agent due to the lower expected persistence

of their R state and thus a smaller impact on their future expected returns

and value of savings.

I now turn to the results of estimating each explanation in turn, before

covering the joint estimation of all three mechanisms and robustness checks.

5.1 Superstar earnings

Giving a small number of households incredibly high earnings with a sig-

nificant chance of losing those earnings generates substantial inequality. These

lucky agents are aware of their eventual superstar-less future and save a sub-

stantial proportion of their income to insure against this, as per permanent/transitory

income reasoning. When they do lose their superstar ability, they then dis-save

gradually, smoothing their consumption over time according to their discount-

ing preferences.

Although typically the population of superstars used is very small and with

extraordinary income (for example, 0.01% in Kindermann and Krueger [2014]

earn over 1000 time median earnings) I allow the entry and exit probabilities

for superstars to vary such that different populations with different longevity

are possible, as described above. The superstar earnings process has three

parameters: a level Y , a superstar entry probability PY,in and exit probability

PY,out. In addition, there is the standard deviation of time-varying measure-

ment error σv.

I find the superstar estimates to be have much lower earnings than is usual
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Parameter Mean Q0.05 Q0.5 Q0.95 s.d.
Y 15.409 8.71 14.14 25.43 5.411
Py,in 0.002 0.00112 0.00195 0.00406 0.001
Py,out 0.324 0.13 0.338 0.478 0.096
σv 0.3 0.238 0.296 0.373 0.038

Table 9: Estimated parameters

for such models, only 10-20 times median, and around 0.6% of the population

are superstars. The model then struggles to match tail inequality with these

weak superstars. The estimation procedure prefers to minimise the earnings

of superstars in order to attempt to match mobility. In table 10 the match to

conditional mobility moments and staying rates is good, but the wealth share

of the top 1% is significantly too low, as is their staying rate. This is likely

due to the large estimated measurement error volatility. At 0.3, this is almost

as large as total data volatility of wealth (σ∆log(w) targeted moment, 0.34),

which seems unreasonably high. Further, this causes the model’s σ∆log(w) to

significantly overshoot the target.

Moment Data Mean Q0.05 Q0.5 Q0.95 s.d.
Top 1% share 0.206 0.13 0.09 0.13 0.17 0.02
Top 5% share 0.385 0.34 0.28 0.34 0.42 0.031
Top 10% share 0.478 0.48 0.41 0.48 0.56 0.031
Top 5% stay 0.73 0.74 0.69 0.74 0.78 0.013
Top 1% stay 0.67 0.61 0.55 0.61 0.68 0.027

Top 1% P (T |FT ) 0.37 0.39 0.35 0.39 0.44 0.015
Top 1% P (T |TT ) 0.81 0.75 0.7 0.75 0.8 0.02
Top 5% P (T |FT ) 0.44 0.44 0.37 0.44 0.5 0.026
Top 5% P (T |TT ) 0.87 0.84 0.82 0.85 0.88 0.011

σ∆log(w) 0.34 0.44 0.36 0.43 0.53 0.049

Table 10: Selected moments from data and estimation.

Separately calibrating the model to inequality moments, I find that to

match the top 1% wealth share the model needs earnings of around 50 times
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the median - and this is very different to the estimation including mobility

targets, or to top earners in the administrative earnings and survey data, who

are significantly lower.21 This align with criticisms of Benhabib et al. [2015]

that superstar models have to use earnings far above that found in surveys

or administrative data when matching inequality22. These findings show that

the high earnings and resultant inequality disappear when confronted with

mobility.

If the model is forced to focus solely on inequality as mentioned above,

wealth shares can be matched, but only by greater immobility - for example,

a staying rate of 80% for the top 1%. This is because the earnings level

needed to match wealth inequality is so high that agents take a very long

time to fall to another category. In the case of imposing realistic inequality,

measurement error would have to be much higher again to match mobility. In

the estimation, this method to match mobility is constrained by targeting total

wealth variance, leaving the superstars mechanism to choose between mobility

and inequality.

5.2 Discount Factor Heterogeneity

It is difficult to use symmetric preference heterogeneity to generate inequal-

ity that matches the right tail of the wealth distribution, as noted by Hendricks

[2004]. I estimate the persistence of discount factors both within lives (Pβ for

staying in a β state) and through inheritance (Pβ,d to keep β state). The two

discount factors βl and βh are parameters estimated within the unit interval.

The estimation results reflect the difficulty of replicating inequality at the

very top with discount factors alone, ending with point-densities at corner

solutions where Pβ −→ 1. As Pβ,d is also very close to 1, the agents have very

21‘Real’ superstars’ probabilities of entry and exit for the top earnings 0.1% from the
WAS are yearly equivalents of 0.0002-0.0005 and 0.3-0.4 (with similar figures for the top
0.5% and top 1%) and they earn an average of 30 times median household earnings. Results
provided by De Nardi et al. [2018] from the UK administrative earnings survey dataset are
very similar.

22Though the debate on effective capturing of high earners in tax data is still open.
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long preferences - they keep their β almost certainly for their entire life and

only have a one in 40 chance their children will not have the same ability. Given

the expected working life and these probabilities, the average household will

stay in the same state for over 2000 years. Despite the immense longevity and

opportuntiy for large differentiation between discount factors, this only results

in a top 1% wealth share of less than 15% and top 5% share of 30%. Because

there are only two symmetric states, too much longevity or differentiation could

decrease tail inequality as the different populations are too big to cause the

concentrated accumulation by a very small group that occurs in the real-life

Pareto distribution.

Parameter Mean Q0.05 Q0.5 Q0.95 s.d.
β1 0.936 0.932 0.937 0.938 0.002
β2 0.976 0.963 0.979 0.984 0.007
Pβ 0.999 0.9993 0.9998 0.9999 0.002
Pβ,d 0.949 0.931 0.952 0.955 0.007
σv 0.218 0.2 0.221 0.234 0.011

Table 11: Estimated parameters

Nonetheless, due to the allowance for measurement error, the longevity of

the preference dynasties does not result in surface level secular stasis. However,

the staying rates are not well matched, as can be seen in Table 12. The pattern

of the conditional staying rates is relatively close to the data for the top 1%, but

at the cost of not matching staying rates at different horizons or moments at

the top 5% and 10%. Further, σv is almost the same size as the data’s standard

deviation for changes in log wealth - i.e. almost all variance is attributed to

large measurement error to try to match mobility in this model. However,

the poorest match is that this long discount factor heterogeneity results in a

capital income ratio far in excess of the target (and in excess of other models).

Whilst this target could be matched by lowering one or both β’s it appears

the pressure to match other moments (such as inequality) prevents this from

occurring.
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Moment Data Mean Q0.05 Q0.5 Q0.95 s.d.
Top 1% share 0.206 0.13 0.1 0.14 0.15 0.018

Top 1% stay 2yr 0.67 0.74 0.67 0.76 0.79 0.05
Top 1% stay 4yr 0.59 0.74 0.68 0.76 0.79 0.048
Top 1% stay 6yr 0.55 0.74 0.65 0.75 0.78 0.051
Top 1% stay 8yr 0.51 0.73 0.66 0.75 0.78 0.053

Top 1% P (T |FFT ) 0.3 0.27 0.24 0.27 0.3 0.019
Top 5% P (T |FFT ) 0.39 0.32 0.3 0.31 0.34 0.01

σ∆log(w) 0.34 0.32 0.3 0.33 0.35 0.016
K:Y ratio 2.5 3.36 2.87 3.48 3.65 0.293

Table 12: Selected moments from data and estimation.

5.3 Returns heterogeneity

Returns heterogeneity can generate significant wealth inequality, either

through high persistence of different returns and gradual accumulation or

through high variance and sudden exogenous gains of wealth. It also has

the advantage of being able to destroy or limit a stock of wealth through neg-

ative returns, something the other mechanisms lack. This can, for example,

aid a speedy descent for some of the wealthy to help match mobility data as

discussed earlier.

Parameter Mean Q0.05 Q0.5 Q0.95 s.d.
ρr 0.328 0.119 0.328 0.535 0.234
σr 0.131 0.096 0.129 0.174 0.069
σv 0.207 0.172 0.204 0.247 0.039

Table 13: Estimated parameters

I estimate (annual) positive autocorrelation of approximately 0.5 and stan-

dard deviation of 0.1 for R. There is a trade off between autocorrelation and

standard deviation, as agents need greater variance to gain enough wealth to

match inequality when persistence of wealth returns is low, as seen in Table

14. This leads to negative correlation between ρr and σr. Unsurprising, in the
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correlation of parameters, ρr is positively correlated with measurement error

volatility, as higher wealth returns persistence decreases mobility, leading to a

need for measurement error σv to increase variation and mobility to that found

in the data.

ρr σr σv
ρr 1.00 -0.27 0.21
σr -0.27 1.00 0.23
σv 0.21 0.23 1.00

Table 14: Correlation of parameters from estimation.

Top 1% (and below) wealth shares are accurately captured as are condi-

tional mobility moments, though the latter are not shown in table 15. The

qualitative picture matches the data overall in terms of decreasing staying

rates in top categories over time, though the top 1% staying does not fall fast

enough.

One moment not used in the estimation is the general equilibrium interest

rate r. This can be high in these estimations, ranging from 5% up to 10% with

some R parameter sets. Given the significant variance in the single wealth

asset it is not surprising that r is above the usual range that risk-free market-

clearing interest rates usually used in general equilibrium models lie.

The ‘true’ fluctuations in wealth can be observed by studying simulations

without the measurement error input. Examining the staying probabilities for

agents with different histories in Table 16 there is a higher staying rate in

the underlying structural model, with around 85% staying. In Table 17 the

underlying model still demonstrates some of the ‘stayers stay’ pattern (more

so than other estimated models), but is not as mobile as the previous results

and the data.

As explained above, the effects of returns heterogeneity can be broken

down into two major effects: returns affect both income today and saving

incentives for tomorrow by realising gains or losses on the stock of wealth

and by giving different expectations of future returns. In the case of exactly
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Moment Data Mean Q0.05 Q0.5 Q0.95 s.d.
Top 1% share 0.206 0.2 0.11 0.2 0.27 0.041

Top 1% stay 2yr 0.67 0.7 0.64 0.7 0.75 0.026
Top 1% stay 4yr 0.59 0.66 0.6 0.66 0.73 0.025
Top 1% stay 6yr 0.55 0.61 0.55 0.61 0.71 0.026
Top 1% stay 8yr 0.51 0.58 0.5 0.58 0.68 0.029
Top 5% stay 2yr 0.73 0.69 0.65 0.69 0.73 0.02
Top 5% stay 4yr 0.68 0.64 0.61 0.64 0.68 0.016
Top 5% stay 6yr 0.63 0.6 0.56 0.6 0.64 0.014
Top 5% stay 8yr 0.61 0.56 0.52 0.56 0.6 0.014

Top 1% P (T |FFT ) 0.3 0.36 0.28 0.35 0.44 0.029
σ∆log(w) 0.34 0.36 0.28 0.36 0.46 0.042

Table 15: Selected moments from data and estimation.

Source top 10% top 5% top 1%
Data 0.76 0.72 0.65

with ME 0.72 0.69 0.68
underlying 0.86 0.84 0.85

Table 16: Probability of remaining in top wealth groups for data and estimated
models.

zero returns persistence, there is no difference in expected returns, but for the

case of positive autocorrelation, there is an incentive to make savings decisions

correlated with today’s returns, to take advantage of future high returns by

investing or to spend now to avoid the poor returns in the future. Of course,

this ignores the counter-balance of wealth effects - there is a further effect

that the agent expects to be poorer from a negative wealth change and so

is incentivised to keep saving in expectation of that potential poverty even

though it is the low returns to wealth which would cause that poverty, for

example.

These effects are very different to those with superstars. Superstars only

directly change the flow part of wealth, not the stock part. Not only this, but

they do not have a negative flow aspect, and thus find it difficult to create
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Source History top 10% top 5% top 1%
Data T3|F1T2 0.51 0.37 0.4
Data T3|T1T2 0.88 0.83 0.79

with ME T3|F1T2 0.49 0.45 0.4
with ME T3|T1T2 0.81 0.8 0.82

w/out ME T3|F1T2 0.73 0.73 0.68
w/out ME T3|T1T2 0.88 0.87 0.89

Table 17: Probability of remaining in top wealth groups, given different his-
tories for data and models. ‘Tt’ indicates ‘True’ for belonging to the group in
wave t and ‘Ft’ indicates ‘False’ for the same.

mobility. In contrast, R shocks scale with wealth, ensuring the wealthy are

equally vulnerable, and can result in negative income. It is somewhat more

similar to discount factor shocks as β changes can be mapped to different

future returns, but this also does not include the direct change in the stock of

wealth.

5.4 Joint Estimation

The parameters in the joint estimation of all three theoretical mechanisms

are very similar to the estimation restricted to R heterogeneity alone, with

positive autocorrelation in R of 0.5 and standard deviation of 0.1. Superstars

are not very super, with an average estimate of only 4 times median earnings

for a superstar population of the top 0.6%, as opposed to the approximate 50

time median earnings for the top 0.1% needed to match inequality solely using

superstars. The two levels of discount factors have some deviations but are

extremely short-lived versus the 50 years average duration in Krusell & Smith

or the expected 2000 years in the β only estimation, with agents staying in a

state for an average of 3 years and inheriting the same ability with a roughly

50% chance23. Measurement error volatility also displays a similar level to that

with R shocks alone, with σv close to 0.2.

23The same as the symmetric stationary distribution probabilities.
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Parameter Mean Q0.05 Q0.5 Q0.95 s.d.
ρr 0.479 0.285 0.485 0.665 0.105
σr 0.101 0.063 0.101 0.144 0.02
Y 4.014 2.258 3.011 9.781 2.01

PY,enter 0.003 0 0.003 0.005 0.002
PY,exit 0.171 0.026 0.131 0.444 0.132
Pβ,d 0.349 0.095 0.187 0.851 0.284
Pβ 0.64 0.395 0.565 0.969 0.193
βl 0.931 0.89 0.928 0.967 0.024
βh 0.953 0.915 0.954 0.988 0.023
σv 0.241 0.206 0.24 0.284 0.021

Table 18: Estimated parameters

The model fits key targets, including both wealth shares and staying proba-

bilities - I show the full estimation results for the joint model and the individual

mechanism models in table 19. It is unsurprising that the fit to many targets

for the joint estimation is very similar to that with R shocks alone, given the

similarity of parameters.

In table 20 I compare the data, model results and underlying fluctuations

for staying rates. Wealth mobility is somewhat lower than wealth surveys, but

still very much present. Similarly, there is still a pattern that new entrants are

less likely to stay, but this is less prominent that implied in the data.
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Moment Target Joint R β Superstars
Top 1% wealth share 0.21 0.2 0.2 0.13 0.13
Top 5% wealth share 0.38 0.36 0.35 0.31 0.34
Top 10% wealth share 0.48 0.48 0.46 0.46 0.48
Prob. stay top 5%, 2yr 0.73 0.7 0.69 0.68 0.74

Prob. stay in top 1%, 2yr 0.67 0.69 0.7 0.74 0.61
Top 1% P (T |FT ) 0.37 0.39 0.41 0.36 0.39
Top 1% P (T |TT ) 0.81 0.82 0.82 0.87 0.75
Top 5% P (T |FT ) 0.44 0.45 0.45 0.4 0.44
Top 5% P (T |TT ) 0.87 0.81 0.8 0.81 0.84

Top 1% P (T |FFT ) 0.3 0.33 0.36 0.27 0.35
Top 5% P (T |FFT ) 0.39 0.4 0.41 0.32 0.39
Top 1% P (T |TTT ) 0.87 0.87 0.87 0.91 0.8
Top 5% P (T |TTT ) 0.88 0.85 0.84 0.87 0.88

Prob. stay in top 1%, 4yr 0.59 0.65 0.66 0.74 0.59
Prob. stay in top 1%, 6yr 0.55 0.62 0.61 0.74 0.56
Prob. stay in top 1%, 8yr 0.51 0.58 0.58 0.73 0.53
Prob. stay in top 5%, 4yr 0.68 0.66 0.64 0.68 0.72
Prob. stay in top 5%, 6yr 0.63 0.62 0.6 0.67 0.7
Prob. stay in top 5%, 8yr 0.61 0.58 0.56 0.66 0.67
Prob. stay in top 10%, 4yr 0.71 0.7 0.68 0.75 0.72
Prob. stay in top 10%, 6yr 0.68 0.66 0.63 0.74 0.7
Prob. stay in top 10%, 8yr 0.63 0.62 0.59 0.73 0.69

σ∆log(wealth) (> Q2) 0.34 0.38 2.46 0.32 0.44
K:Y Ratio 2.5 2.45 0.36 3.36 2.67

Table 19: Mean Estimation Moments.

Source top 10% top 5% top 1%
Data 0.76 0.72 0.65

with ME 0.72 0.69 0.69
underlying 0.88 0.87 0.88

Table 20: Probability of remaining in top wealth groups for data and estimated
models.
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6 Robustness

In this section, I check robustness of these results with two examples: firstly,

implementing ‘real superstars’ - taking high earnings from the data and using

their earnings levels and dynamics for superstars in the earnings process whilst

estimating the other parameters. Secondly, restricting measurement error to

be a ratio to variation in wealth, based on findings from a measurement error

identification exercise in section 8.2.

6.1 Real Superstars

One simple way to test the robustness of the estimation is to consider

changing the earnings process - high earners can be identified in the WAS

dataset and in administrative data, as mentioned earlier, so information can

be used to implement realistic superstar earnings. From this, I can examine

whether my results from the main estimation continue to hold, or does the

prominence of returns heterogeneity wither when faced with high earnings?

I implement superstars using earnings of the top 0.1% and re-estimate the

remaining parameters for discount factor heterogeneity and wealth returns.

Using the WAS and the administrative earnings data from De nardi, Fella

& Paz Pardo, the top 0.1% of earners have a yearly transition probability of

0.0004 into this category and 0.4 out of it, with an average earnings of about

30 times the median (which, as mentioned earlier, is around half the level

needed to match cross-sectional inequality). I note the transition probabilities

are similar for both the top 1% and 0.01%.

I find similar results to the main joint estimation, though the variation of

wealth returns is higher to compensate for the lower mobility superstars will

cause. In line with this reasoning, σr is somewhat higher. Discount factor per-

sistence is very low, with an average duration of less than 2 years. There are

some differences between the two β’s despite similar mean levels. This short

duration β variation is also likely to stem from pressure to mitigating immo-

bility caused by superstars. Again, superstar-sourced immobility explains the

35



Parameter Mean Q0.05 Q0.5 Q0.95 s.d.
ρr 0.478 0.241 0.482 0.702 0.131
σr 0.129 0.084 0.127 0.182 0.024
Pβ 0.225 0.083 0.247 0.351 0.079
Pβ,d 0.565 0.452 0.546 0.783 0.093
βl 0.97 0.949 0.971 0.988 0.011
βh 0.969 0.944 0.97 0.987 0.012
σv 0.277 0.236 0.275 0.332 0.027

Table 21: Estimated parameters

higher measurement error variation.

Moment Data Mean Q0.05 Q0.5 Q0.95 s.d.
Top 1% share 0.206 0.2 0.165 0.196 0.242 0.019
Top 5% share 0.385 0.371 0.327 0.366 0.429 0.024
Top 10% share 0.478 0.491 0.446 0.488 0.549 0.024
Top 5% stay 0.73 0.691 0.652 0.689 0.74 0.021
Top 1% stay 0.67 0.724 0.681 0.723 0.767 0.021

Top 1% P (T |FT ) 0.37 0.449 0.396 0.451 0.5 0.017
Top 1% P (T |TT ) 0.81 0.827 0.796 0.827 0.861 0.013
Top 5% P (T |FT ) 0.44 0.435 0.387 0.434 0.479 0.018
Top 5% P (T |TT ) 0.87 0.807 0.781 0.807 0.832 0.013

σ∆log(w) 0.34 0.444 0.385 0.439 0.517 0.036
K:Y ratio 2.5 2.772 2.462 2.762 3.066 0.136

Table 22: Selected moments from data and estimation.

The fit to the wealth and mobility targets is similar, as would be expected.

However, wealth variance and K:Y ratio are too large (rather like the Super-

stars alone). The pattern of higher staying rates at the top 1% than top 5% is

in conflict with the data. The overall conclusion is that the results from earlier

parts are not largely affected by direct use of earnings data for superstars.
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6.2 Proportional Measurement Error

As an alternative benchmark to directly fitting measurement error, I follow

the procedure of Lee et al. [2017] to identify the size of i.i.d. time-varying mea-

surement error variance in the WAS. I use an AR1 dynamic panel instrumental

variable GMM estimation in the style of Arellano and Bond [1991]. I find the

measurement error standard deviation to be half that of ‘true’ equation error

standard deviation, suggesting it has a quantitatively significant presence, but

does not dominate. I use the ratio of measurement error standard deviation to

total standard deviation of changes in log wealth to generate the size of mea-

surement error for a given model output, i.e. using the model-generated wealth

volatility to anchor proportional measurement error. Under this restriction, I

add a proportionally fixed amount of measurement error to the model output

each time, rather than using a target of wealth variance and allowing σv to

fluctuate and accommodate other targets as well.

I use a minimiser in each estimation iteration to find a σv that creates an

output wealth process with a 1:2 ratio of σv : σ∆log(w).

Positive wealth returns autocorrelation is stronger, near to 0.8 rather than

0.5 and standard deviation is correspondingly lower (as it has to decrease with

higher autocorrelation to have similar inequality). Superstar earnings are no

longer extremely low and instead around 17x median earnings, which is close

to the data level for the top 0.5%, though with higher exit. Discount factor

heterogeneity is larger, but similarly (im)persistent.

I show the match to the data for proportional measurement error and real

superstars versus the main joint estimation and the data in Table 24. What

is noticeable is how the inequality and mobility moments are better matched

under proportional measurement error, at the cost of excessive wealth variation

at 0.47. In particular, the probabilities of staying in different groups over

different horizons are very well matched. Without using variance of changes

in log wealth as a target, the generated value of σv causes a too high variance

of log wealth. With greater measurement error, the mechanisms have less
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Parameter Mean Q0.05 Q0.5 Q0.95 s.d.
ρr 0.722 0.4 0.756 0.936 0.149
σr 0.07 0.036 0.067 0.118 0.021
Y 13.074 2.745 15.806 20.39 6.221

PY,enter 0.002 0 0.002 0.004 0.001
PY,exit 0.728 0.557 0.756 0.848 0.086
Pβ,d 0.772 0.634 0.775 0.92 0.081
Pβ 0.566 0.368 0.564 0.753 0.121
βl 0.952 0.918 0.951 0.98 0.016
βh 0.961 0.918 0.965 0.993 0.023

Table 23: Estimated parameters

pressure to generate mobility. I do not target the wealth variance in these

results as that would push σv to take a specific value like the estimations

above rather than simply respond proportionally to the variance generated by

the mechanisms.
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Moment Target Joint Restricted M.E. Real Superstars
Top 1% wealth share 0.21 0.2 0.21 0.2
Top 5% wealth share 0.38 0.36 0.4 0.37
Top 10% wealth share 0.48 0.48 0.53 0.49
Prob. stay top 5%, 2yr 0.73 0.7 0.69 0.69

Prob. stay in top 1% (2yr) 0.67 0.69 0.65 0.72
Top 1% P (T |FT ) 0.37 0.39 0.37 0.45
Top 1% P (T |TT ) 0.81 0.82 0.8 0.83
Top 5% P (T |FT ) 0.44 0.45 0.43 0.43
Top 5% P (T |TT ) 0.87 0.81 0.81 0.81

Top 1% P (T |FFT ) 0.3 0.33 0.32 0.42
Top 5% P (T |FFT ) 0.39 0.4 0.39 0.4
Top 1% P (T |TTT ) 0.87 0.87 0.85 0.86
Top 5% P (T |TTT ) 0.88 0.85 0.85 0.85

Prob. stay in top 1%, 4yr 0.59 0.65 0.62 0.67
Prob. stay in top 1%, 6yr 0.55 0.62 0.58 0.62
Prob. stay in top 1%, 8yr 0.51 0.58 0.55 0.58
Prob. stay in top 5%, 4yr 0.68 0.66 0.65 0.64
Prob. stay in top 5%, 6yr 0.63 0.62 0.62 0.6
Prob. stay in top 5%, 8yr 0.61 0.58 0.58 0.56
Prob. stay in top 10%, 4yr 0.71 0.7 0.69 0.66
Prob. stay in top 10%, 6yr 0.68 0.66 0.65 0.62
Prob. stay in top 10%, 8yr 0.63 0.62 0.61 0.58

σ∆log(wealth) (> Q2) 0.34 0.38 2.6 0.44
K:Y Ratio 2.5 2.45 0.47 2.77

Table 24: Mean Estimation Moments.
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7 Conclusions

My conclusion is that by using transitions in top wealth groups I can iden-

tify exogenous wealth returns heterogeneity as the wealth accumulation mech-

anism that best explains the inequality and mobility data. I find that discount

factor heterogeneity and superstar earnings cannot match inequality and mo-

bility simultaneously on their own. When the three theories are combined

in a joint estimation, I find returns heterogeneity dominates. I explain these

results through the ability of returns heterogeneity to account for higher mo-

bility due to affecting wealth via two mechanisms - direct changes to the stock

of wealth/budget constraints and changes to savings incentives via different

expected future returns. This can create the fast wealth losses we see in the

data.

I provide a number of facts about fluctuations in wealth amongst the

wealthy from the longitudinal and representative WAS wealth dataset and

use them in an estimation. I find rich wealth dynamics, including high proba-

bilities of exiting the richest wealth categories and great variability in wealth.

Wealth transitions have significant negative skew and high kurtosis, much like

evidence for earnings. Where possible, I show that these patterns exist in other

datasets.

By identifying the mechanisms generating wealth inequality and mobility

and explaining why they fit the data, I hope to contribute to better mod-

elling of the real processes governing the wealth distribution. Using returns

heterogeneity rather than superstar earnings is not an excessive increase in

computational difficulty, for example. The results make clear that any pro-

cess hoping to be realistic and match mobility must have a direct impact on

both the budget constraint and change savings incentives to generate the rapid

changes in wealth in the data.

This work suggests that when considering the wealth distribution, study

into how and why these differential returns come about and their impact is

of greater importance that studying earnings. For development, these models
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do not explicitly consider entrepreneurship, nor portfolios or risk preferences

which would be natural routes to follow given the importance of wealth returns

I find and this data has the potential to be informative about this.
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8 Appendix

8.1 Data moments/targets

Moment Definition Targeted Value
Share of wealth held by Top 1% 0.206
Share of wealth held by Top 5% 0.385
Share of wealth held by Top 10% 0.478

Probability of staying in top 1% (2yr) 0.73
Probability of staying in top 5% (2yr) 0.67

Top 1% P (T |FT ) 0.37
Top 1% P (T |TT ) 0.81
Top 5% P (T |FT ) 0.44
Top 5% P (T |TT ) 0.87

Top 1% P (T |FFT ) 0.3
Top 5% P (T |FFT ) 0.39
Top 1% P (T |TTT ) 0.87
Top 5% P (T |TTT ) 0.88

Probability of staying in top 1% (4yr) 0.59
Probability of staying in top 1% (6yr) 0.55
Probability of staying in top 1% (8yr) 0.51
Probability of staying in top 5% (4yr) 0.68
Probability of staying in top 5% (6yr) 0.63
Probability of staying in top 5% (8yr) 0.61
Probability of staying in top 10% (4yr) 0.71
Probability of staying in top 10% (6yr) 0.68
Probability of staying in top 10% (8yr) 0.63

σ∆log(wealth) (above median only) 0.34
Capital:Income Ratio 2.5

Table 25: Estimation Moments.
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The data targets are estimated from the WAS, as described earlier in the

main body of the paper and using the same notation. Thus P (T |FT ) refers to

the probability that someone will be a member of a category, given that they

have been a member of the category (T) only for one period, before which they

were not in the category (F). I use both two-stage and three-stage conditional

probabilities in this estimation, though I exclude P (T |FTT ) given that the

other two- and three-stage moments together with the overall probability of

staying make this predictable and thus a possible source of collinearity issues.

I only include those above median wealth in the standard deviation moment,

as those at the bottom are dominated by the (simple AR1) earnings process.

The lower end of the wealth distribution is not my focus and this model does

not explain it well, so I use those above the median. The capital income ratio

for the UK is somewhat lower than the US at 2.5, although it varies over the

relevant period (a decade or so) between 2.4 and 2.6, so I take the average.

8.2 Wealth Changes and Measurement Error

To confidently use survey data to identify wealth dynamics, it is important

to correct for time-varying measurement error. Mechanically, zero-mean i.i.d.

noise in log wealth would reduce the appearance of persistence and could cause

bias. As an initial benchmark, I follow the example of Lee et al. [2017] to

identify variance of measurement error via dynamic panel GMM regressions.

Otherwise, I estimate measurement error directly within the structural model.

As WAS is a dynamic panel where fixed effects require the use of differ-

encing and instruments, the methodology follows Holtz-Eakin et al. [1988],

Arellano and Bond [1991] and Anderson and Hsiao [1982] based on instru-

menting with previous lagged values of the dynamic variable in question.

Here, observed log wealth wi,t is the dynamic variable of interest. There

is classical zero mean i.i.d. measurement error (i.e. multiplicative for actual

wealth) with some variance σ2
v . Hence, the estimating equation is,
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wi,t = ρwi,t−1 + βXi,t + αi + εi,t

wi,t = w∗
i,t + vi,t

where w∗
i,t is ‘true’ wealth. The equation is differenced to remove αi (fixed

effects) and then would use wi,t−3 (and further back) as instruments to estimate

ρ - with measurement error, wi,t−2 is not a valid instrument as it contains a link

between differenced measurement error ∆vi,t−1 and ∆wi,t−1, the differenced

dynamic regressor.

When restricting v to have homogeneous variance as above then residu-

als from the differenced equation, ut, can be used to identify variance of the

measurement error σ2
v and equation error σ2

ε ,

E(utut) = 2σ2
ε + 2(1 + ρ+ ρ2)σ2

v

E(utut − 1) = −σ2
ε − (1 + 2ρ+ ρ2)σ2

v

I use a bootstrap to find the distribution of the estimates following Lee et

al.24 Below I show results for WAS and ELSA25 at both household level and

individual level for σv, σε and ρ.

I find measurement error standard deviation to be about half of ‘true’ resid-

ual error standard deviation in both individual and household WAS, somewhat

lower than Lee’s results of an approximately equally sized σv and σε for in-

come and consumption in KLIPS. Persistence ρ is not extremely high, though

this is after fixed effects and co-regressor effects. The persistence confidence

interval is smaller for WAS when dealing with individuals. In ELSA, there

24Other variables included are lags and polynomials of: self-employment flag, business
ownership, years in current job, degree holding, age and income (including investment in-
come). I exclude negative variance results throughout.

25Further lags on u can be used to create more restrictions, which can be used for ELSA,
but WAS is too short with only 5 periods. There is no significant difference in estimates
using over-identification.
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Data Feature Mean Q0.05 Q0.5 Q0.95 Std. Dev.
WAS Household σv 0.10 0.04 0.11 0.16 0.04

σε 0.21 0.15 0.20 0.28 0.05
ρ 0.45 0.01 0.45 0.93 0.29

WAS Individual σv 0.11 0.04 0.11 0.18 0.04
σε 0.31 0.27 0.31 0.35 0.03
ρ 0.53 0.28 0.52 0.86 0.18

ELSA σv 0.19 0.08 0.20 0.25 0.05
σε 0.20 0.09 0.21 0.29 0.06
ρ 0.31 0.15 0.30 0.50 0.11

Table 26: Bootstrap Measurement error results. “OIDR” refers to use of
overidentifying restrictions.

is a somewhat lower ρ and a 1:1 ratio of σv:σε, suggesting the WAS has less

measurement error under these assumptions.

8.3 Supporting transitions data

WAS top incomes show a similar pattern to wealth26 in table 27. Staying

rates are lower for more wealthy groups, and the figures are more prominently

affected by turbulence likely from the financial crisis and recession in early

waves. The top incomes show similar mobility levels to US administrative

data equivalents in Guvenen et al. [2014], Auten et al. [2013] and Kopczuk

et al. [2007].

The transition matrices generating the wealth staying rates discussed in the

main text can be seen in table 28. It shows an intuitive concentration around

the diagonal - i.e. that larger moves across wealth categories are less likely than

smaller moves. However, there is significant likelihood of falling very far down

the wealth ladder - in waves 1-2, 40% leave the top 1% and amongst those

leavers the median loss is 1.3m (with median starting wealth of £2.3m). In

short, wealth can be very volatile, even for the wealthy. This aligns with SCF

26One should note that the top x% in wealth and top x% in income are not all the same
people when interpreting these patterns. About half of these top 1%’s overlap.
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Years Top 10% Top 5% Top 1% Top 0.1%
07-09 0.62 0.54 0.27 0.28
09-11 0.61 0.55 0.44 0.42
11-13 0.61 0.57 0.6 0.48
13-15 0.62 0.57 0.5 0.59
07-15 0.46 0.4 0.25 0.42

Table 27: Proportion of households staying in top gross income quantile groups
across waves

07/09 panel findings from Bricker et al. [2011]. Looking at all waves in table 29,

there is increased mobility over the larger horizon, but simple compounding

of one-wave-transition matrices does not produce the same probabilities as

transition matrices over longer horizons, unlike a Markov process.

from/to <top 10% top 5-10% top 1-5% top 0.1-1% top 0.1%

<top 10% 0.97 0.02 0.01 0.00 0.00
top 5-10% 0.37 0.47 0.15 0.00 0.00
top 1-5% 0.10 0.23 0.60 0.07 0.00

top 0.1-1% 0.02 0.01 0.36 0.58 0.03
top 0.1% 0.00 0.00 0.02 0.48 0.50

Table 28: Transitional Probabilities for HH WAS wealth categories 09-11.

from/to <top 10% top 10% top 5% top 1% top 0.1%
<top 10% 0.96 0.03 0.01 0.00 0.00
top 5-10% 0.53 0.31 0.16 0.00 0.00
top 1-5% 0.20 0.22 0.49 0.09 0.00

top 0.1-1% 0.12 0.02 0.37 0.44 0.06
top 0.1% 0.05 0.00 0.21 0.24 0.50

Table 29: Transitional Probabilities for HH WAS wealth categories across
waves 1-5 (07-15), household wealth.

The quantiles for the distribution of proportional wealth changes for the

top 1% are in table 30. Compared to the top 5%, the changes faced higher up
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in the distribution by the top 1% are proportionally even bigger.

Years Q(0.1) Q(0.25) Q(0.5) Q(0.75) Q(0.9)
07-09 -0.78 -0.55 -0.23 0.12 0.56
09-11 -0.65 -0.35 -0.03 0.23 0.72
11-13 -0.69 -0.39 -0.07 0.17 0.52
13-15 -0.77 -0.38 -0.03 0.22 0.65

Table 30: Quantiles of Proportional Changes in Wealth for Top 1%

ELSA data has similar patterns in terms of top wealth transitions, although

it has a smaller sample of the top 1 and 0.1%, so a number of conditional

moments are not calculable (or are extremely lumpy). We see the ‘stayers

stay’ pattern in top groups and around a third of the top 5% exit that group

between every biennial wave. The gradual decrease in the number staying in

the group over time is present at the top 10%, but not clearly demonstrated

above this (unlike the WAS, which has the pattern up to the top 0.1%.

top 10% top 5% top 1% top 0.1%
1-2 0.71 0.65 0.52 0.10
2-3 0.73 0.70 0.45 0.51
3-4 0.73 0.66 0.46 0.18
4-5 0.74 0.64 0.49 0.00
5-6 0.73 0.65 0.44 0.00
6-7 0.74 0.70 0.59 0.00

Table 31: ELSA: Staying rates in top wealth groups over waves.
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top 10% top 5% top 1% top 0.1%
1-2 0.71 0.65 0.52 0.10
1-3 0.67 0.57 0.51 0.00
1-4 0.65 0.55 0.38 0.29
1-5 0.65 0.58 0.44 0.00
1-6 0.62 0.56 0.38 0.00
1-7 0.62 0.59 0.52 0.41

Table 32: ELSA: Staying rates in top wealth groups over waves.

top 10% top 5% top 1% top 0.1%
P (T |FT ) 0.48 0.51 0.22 0.36
P (T |TT ) 0.83 0.79 0.63

Table 33: ELSA: Conditional staying rates in top wealth groups (2-stage).
Notation as per main text.

top 10% top 5% top 1% top 0.1%
P (T |FFT ) 0.34 0.29 0.29 0.35
P (T |FTT ) 0.69 0.70 0.45 0.00
P (T |TTT ) 0.87 0.82 0.67

Table 34: ELSA: Conditional staying rates in top wealth groups (3-stage).
Notation as per main text.
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8.4 Parameter density diagrams

Here I show the density plots for the all explanations estimation and for

R shocks only. The distributions for ρr, σr and σv are similar across the two

models, though the R shocks have larger variance of parameters.
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Figure 6: Estimated parameter density distribution.
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Figure 7: Estimated parameter density distribution.
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8.5 Estimation Algorithm

To estimate and generate the distribution of parameters in the structural

model I construct an objective function based on equally weighted, normalised

deviations from a set of data moments. I create a vector of (simulated) model

deviations from data moments and use this as a General Method of Moments

set of moment conditions. I use a diagonal weighting matrix with equal-weights

for all moments and this forms the standard GMM objective function. I use a

Monte Carlo Markov Chain approach, starting from a point in the parameter

space, iteratively applying an innovation to a set of parameters, simulating the

model for a given set of parameters, considering the new value of the objective

function, deciding to accept or reject the new position based on a probabilistic

rule and then drawing a new innovation to create new parameters to add to

that position and so on. I use the Metropolis-Hastings algorithm, and calibrate

such that the acceptance rate is approximately 20%. I discard initial points as

a burn-in before calculating the distribution of parameters.
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